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Abstract—The game interactions among individuals in nature
are often uncertain and dynamically evolving, significantly influ-
encing the persistence of cooperation. However, it remains a
formidable challenge to effectively characterize these dynamic
properties in structured populations, derive theoretical conditions
for cooperation, and identify the optimal game distribution for
promoting cooperation. To address these issues, we propose the
variable game framework in a structured population, where the
game interactions between different individuals change over time.
By means of the Markov chain and the pair approximation
method, we derive theoretical conditions under which cooperation
is favored by natural selection and when it is favored over
defection under weak selection. Furthermore, we, respectively,
formulate and solve two optimization problems to determine the
optimal game distribution that most effectively fosters the evo-
lution of cooperation by maximizing the gradient of cooperation
selection and minimizing the fitness difference between defectors
and cooperators. The theoretical predictions regarding both the
conditions for cooperation and optimal game distribution are
further validated by numerical calculations and extensive Monte
Carlo simulations. Our findings offer novel insights into the
mechanisms driving cooperative behavior in complex systems
and provide theoretical guidance for designing optimal game
environments that facilitate the evolution of cooperation.

Index Terms—Cooperation, evolutionary dynamics, structured
populations, variable game.

I. INTRODUCTION

OOPERATIVE behavior is ubiquitous in nature mani-
festing on various scales [1], [2], [3], [4], [5] from the
synergistic interactions between cells that maintain homeosta-
sis and ensure overall health, to the sophisticated cooperative
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hunting strategies employed by orcas, which leverage strength
and intelligence to capture larger prey, an ability that con-
tributes to their status as apex predators. However, cooperation
is often undermined by conflicts of interest among individ-
uals, leading rational agents to favor defection strategies,
ultimately resulting in the breakdown of cooperative systems.
Consequently, understanding the persistence and evolution
of widespread cooperation in nature has drawn consider-
able attention from researchers across multiple disciplines,
including computer science [6], [7], mathematics [8], [9],
biology [10], [11], psychology [12], [13], and so on [14], [15],
[16].

The integration of complex networks and evolutionary game
theory has led to networked evolutionary games, providing a
powerful framework for addressing this problem [17], [18],
[19]. In this framework, complex networks characterize the
structural relationships among individuals in nature, play-
ing a crucial role in the dissemination of information and
behaviors, whereas evolutionary game theory captures the
dynamics of individual strategy selection and enables the
analysis of the evolutionary trends of group behavior. Since
the pioneering work of Nowak and May [20] in which
they introduced the prisoner’s dilemma game on a square
lattice network with periodic boundaries, intensive research
activity has explored the evolutionary outcomes of various
game models (e.g., the snowdrift game [21], [22], [23], the
stag-hunt game [24], [25], [26], and public goods game
[27], [28], [29]) on different types of complex networks
(e.g., small-world networks [30], [31], [32], scale-free net-
works [33], [34], [35], and temporal networks [36], [37],
[38D.

However, it is noteworthy that most previous studies assume
a static game interaction in which individuals engage in the
same game from the outset [39], [40], [41], [42]. This assump-
tion is idealized, as the game interactions in the real world
are often uncertain and dynamically evolving. Feng et al. [43]
noticed this and introduced a game transition mechanism based
on a Markov process to model the continuously changing
psychology of individuals in nature, demonstrating through
simulations that such transitions significantly influence the
evolution of cooperative behavior. Besides, Hilbe et al. [44]
studied a scenario in which the availability of public resources
depends on individuals’ strategic choices, employing stochas-
tic and evolutionary game theory to show that the depen-
dence of public resources on prior interactions substantially
enhances cooperative tendencies. These findings highlight
the importance of studying the effects of stochastic and
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dynamic game interactions on the emergence and evolution of
cooperation.

Although previous studies have explored games with uncer-
tainty in individual interactions, they have primarily relied
on Monte Carlo simulations or assumed that the game being
played is directly influenced by individuals’ strategic choices.
For example, Benko et al. [45] introduced the concept of
social dilemma transitions to model the evolving dilemmas
faced by open data managers, finding that these transitions
significantly impact cooperative behavior in open data man-
agement through extensive simulations. Additionally, Su et al.
[46] examined a framework in which individuals’ behaviors
and the game played at a given time step influence the game
to be played in the subsequent step, revealing that game
transitions can serve as a driving force to promote pro-social
behavior in highly connected populations. However, there
remains a notable gap in the theoretical analysis of game
transitions, where the game interactions between individuals
dynamically change over time, rather than being related to
the behavior of individuals. Furthermore, it is of particular
interest to investigate which conditions are most conducive
to the emergence of cooperation in the context of game
transitions.

To address the aforementioned problem, in this article, we
propose the variable game, where the game played between
individuals is variable and dynamically evolves over time,
a process that can be understood as the durations of dif-
ferent games played between individuals can obey various
probability distributions. Our motivation for introducing this
framework is to capture game variations influenced by exter-
nal factors such as seasonal changes or market cycles. For
instance, in the case of bulk commodities such as corn, the
market dynamics shifts with the seasons. Specifically, during
the summer harvest period, supply exceeds demand, placing
buyers in a relatively advantageous position and driving market
prices downward. Conversely, in winter, when corn supply
declines, suppliers gain a competitive advantage, leading to
an increase in market prices. Although this framework can
be interpreted as a form of game transition, it differs fun-
damentally from previous studies in which game transitions
are primarily driven by individual strategic choices [44],
[46]. Specifically, the main contributions of our work are
summarized as follows.

1) We propose a novel framework of variable games in
which the game interaction between different individ-
uals evolves dynamically over time. Based on this
framework, we theoretically derive the conditions under
which cooperation is favored by natural selection and
when it is favored over defection in a structured
population.

2) We obtain the stationary game distribution of interac-
tions between individuals based on the Markov chain
and identify the optimal game distribution that facilitates
the evolution of cooperation by maximizing the gradient
of cooperation selection and minimizing the fitness
difference between defectors and cooperators.

3) We conduct numerical calculations and extensive Monte
Carlo simulations to validate the theoretical predictions
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concerning both the conditions under which cooperation
is favored by natural selection and when it is favored
over defection, as well as the optimal game distribution.
Our results demonstrate a strong consistency between
theoretical analysis and simulation outcomes.

The rest of this article is structured as follows. In Section II,
we first introduce the evolutionary dynamics of variable games
and perform theoretical analysis under weak selection to derive
the conditions under which cooperation is favored by natural
selection and when it is favored over defection. Subsequently,
in Section III, we build two different optimization problems
from distinct perspectives and theoretically determine the
optimal game distribution that best promotes the evolution
of cooperation. Then, we present the results of numerical
calculations and Monte Carlo simulations to validate our
theoretical findings in Section IV. Finally, Section V concludes
this article and provides directions for future research.

II. EVOLUTIONARY DYNAMICS OF VARIABLE GAMES

In this section, we investigate the evolutionary dynamics of
variable games in structured populations. We begin by outlin-
ing the game model and the strategy update rule employed
by the population. Subsequently, using the pair approximation
method, we derive the theoretical conditions under which
cooperative behavior is favored by natural selection and when
it is favored over defection.

A. Game Model and Strategy Update

We study the behavioral evolution in a population in which
individuals adopt cooperative or defective strategies. The pop-
ulation structure is modeled as a regular network in which
each individual is connected to k other neighbors [46], [47],
[48]. Each individual occupies a node in the network, and the
edges represent game interactions, biological reproduction, or
behavioral imitation processes. At each time step, each indi-
vidual interacts with its neighbors in a game. It is worth noting
that the game played between an individual and a neighbor is
not fixed; instead, the duration of each game interaction is
governed by a random variable with an arbitrary distribution.
Once the allotted time for a game elapses, it switches to
another game state. This means that there exists a stationary
game distribution to determine the game interaction between
individuals. We denote the probability that an individual plays
game G; € {G1,G>,...,G,} with a neighbor as m;, where
Y ,m = 1. In other words, an individual can engage in
different games with different neighbors.

In this article, we primarily focus on the two-player two-
strategy game as the paradigmatic model, which is widely
studied in previous research [19], [49]. When the game
played between individuals is G, interactions between differ-
ent strategy pairs result in distinct payoffs; mutual cooperation
(defection) yields a payoff of R;(P;) to both individuals, while
cooperation—defection interactions bring a payoff of S; to the
cooperator and T; to the defector. By introducing the concept
of dilemma strength [50], [51], we can denote the payoff
matrix of the game G; played between individuals as

R,' P,‘—DI",'
M; = (Ri+Dgi P; ) M
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where Dg; indicates the gamble-intending dilemma and we
have Dg; = T; — R;, whereas Dr; represents the risk-averting
dilemma and we have Dr; = P; — §;. The gamble-intending
(Dg;) and risk-averting (Dr;) dilemmas measure the extent
to which individuals tend to exploit each other and the
degree to which they should avoid exploitation, respectively.
However, if the values of R; — P; are significantly larger
than those of Dg; and Dr;, resulting in a situation similar
to the limit where 7; — R; and P; — S, the payoffs for
each individual become independent of their own strategy
choice and are instead entirely determined by the strategies
of their neighbors. To address this issue, we assign R; = 1 and
P; =0, indicating the scaled value for the best reward and the
harshest punishment, respectively. Additionally, we constrain
both Dg; and Dr; within the range of [-1,1], ensuring a
proportional relationship among R; — P;, Dg;, and Dr;. Under
these conditions, the evolutionary dynamics depend on the
sign and relative magnitude of Dg; and Dr;. Therefore, for
all games G; € {G,Ga,...,G,}, the payoff matrix is given by

1 —Dri
Mi_(l+Dg; 0 ) @

where Dg;, Dr; € [—-1, 1]. When both Dg; and Dr; are positive
(negative), the game G; can be regarded as a prisoner’s
dilemma game (harmony game). If Dg; is positive (negative)
and Dr; is negative (positive), the game G; is classified as a
snowdrift game (stag-hunt game). After each individual inter-
acts with all its neighbors in the specific game, it accumulates
a total payoff F, calculated as

F = Z sTMysy 3

yeQ

where s = (1,0)" and s = (0,1)” denote cooperative and
defective strategies, respectively. Here, Q represents the neigh-
borhood set of the focal individual, and M, indicates the payoff
matrix of the game played between the focal individual and
its neighbor y. The accumulated payoff is then mapped to the
individual’s fitness according to the following rule:

f=l-w+wF @)

where w indicates the intensity of selection. We particularly
focus on the scenario of weak selection, i.e., w < 1, since
the game has only a small effect on individual fitness or it is
only one of many factors that influence individual fitness [52],
[53], which is widely utilized in evolutionary biology [54].

Next, we consider the strategy update of individuals using
the death—birth updating process [55], [56]. In particular, after
each individual gets its fitness by interacting with its neigh-
bors, one individual from the population is randomly selected
to die. Subsequently, the neighbors of the dead individual
occupy the empty site with a probability proportional to their
fitness.

B. Evolutionary Dynamics of Cooperation

In this section, we study the conditions under which cooper-
ation is favored by natural selection and when it is favored over
defection in structured populations with variable games based
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on the pair approximation method [57], [58]. We assume that
the game between individuals is not deterministic but obeys
a certain distribution, and there are two strategies A and B
available to all individuals in the population, where A and
B can be treated as cooperative and defective behaviors of
individuals, respectively.

Theorem 1: For a sufficiently large population size N,
we obtain the condition under which natural selection favors
strategy A, namely, when the fixation probability of a single
A-individual in a population of N — 1 B-individuals, denoted
by pa, satisfies p4 > 1/N. This condition can be expressed as
follows:

3k > (2k* - 2k -

Z m;Dr; +

Remark 1: The proof is given in Section I of the Supplemen-
tary Material. This theorem establishes the condition under
which natural selection favors cooperation in a sufficiently
large population by comparing the fixation probability of a
single cooperator with that under neutral drift. The inequality
demonstrated in (5) captures the joint effect of the network
structure, characterized by degree k, and the expected payoffs
across multiple games in the variable game, weighted by the
game distribution ;. In particular, the coefficients 2k> — 2k — 1
and k* — k + 1 highlight how network topology can amplify
or attenuate the effects of payoff. This result suggests that for
cooperation to successfully invade, the weighted average of the
gamble-intending dilemma »_ m;Dg; must be sufficiently low,
or similarly, the weighted average of the risk-averting dilemma
> m;Dr; must be sufficiently small. Consequently, (5) offers a
theoretical guideline for designing cooperative environments.
By appropriately adjusting the game distribution in variable
games, it is possible to steer the evolutionary dynamics in
favor of cooperation.

In the case of a static (nonvariable) game, the condition in
(5) reduces to 3k > (2k* — 2k — 1)Dr + (k* — k + 1)Dg. Within
the framework of the donation game, where a cooperator
incurs a cost ¢ to provide a benefit b for the opponent, whereas
a defector bears no cost and provides no benefit, we obtain
Dg = Dr = ¢/(b — c¢). Substituting this into the static-game
condition yields the classic rule “b/c > k,” originally proposed
by Ohtsuki et al. [57].

It is important to emphasize that natural selection favoring
cooperation does not imply that cooperation is favored over
defection. Therefore, we need to make a further derivation
for the condition under which cooperation is favored over
defection, as established in the following theorem.

Theorem 2: For a sufficiently large population size N, we
derive the condition for strategy A to be favored over strategy
B, i.e.,, ps > pp, where pp is the fixation probability of a
single B-individual in a population of N — 1 A-individuals.
The corresponding condition is given by

+ (K —k+1 Zn,Dg, (5)
i=1

. 2
> mi(Dri+ Dg) < . 6)
i=1

Remark 2: The proof is provided in Section II of the
Supplementary Material. This theorem offers a concise and
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insightful criterion to determine when cooperation is favored
over defection in structured populations. In contrast to The-
orem 1, which examines the condition under which natural
selection favors cooperation by considering the fixation prob-
ability of a single mutant cooperator, Theorem 2 addresses a
different condition, i.e., cooperation is more likely to dominate
the population than defection. The inequality shown in (6)
establishes a direct relationship between the sum of gamble-
intending and risk-averting dilemmas Dr; + Dg;, weighted by
the game distribution 7;, and the network connectivity k. The
threshold 2/(k — 1) reflects that higher connectivity requires
more stringent conditions to achieve cooperation. This result
further underscores the dual influence of network topology
and game environment in variable games on evolutionary
outcomes. From a practical perspective, these findings offer
guidance for designing multigame environments. By prop-
erly tuning the game distribution in variable games such
that the weighted average payoff remains below a critical
threshold, we can foster the prevalence of cooperation over
defection.

In the case of a static (nonvariable) game, the condition
in (6) transforms into (Dr + Dg) < 2/(k — 1). Under the
framework of the donation game, where Dg = Dr = ¢/(b —
¢), the condition for cooperation to be favored over defection
simplifies to “b/c > k,” which is consistent with the conclusion
reached by Ohtsuki et al. [57].

This ends our theoretical analysis of evolutionary dynamics
under the proposed variable game framework. Theorems 1
and 2 provide the theoretical conditions under which natu-
ral selection favors cooperation and when cooperation can
be favored over defection, respectively, if game interactions
between individuals are not fixed, but there is a game dis-
tribution. To further explore how cooperative behavior can
emerge and be sustained, in Sections III, we develop and
solve the optimization problem from two distinct perspec-
tives, aiming to identify the optimal game distribution that
most promotes the evolution of cooperation in structured
populations.

III. OPTIMAL GAME DISTRIBUTION

In real-world scenarios, the game environment in which
individuals interact can profoundly shape individual behavior
and consequently influence the emergence and evolution
of cooperation within a population [45], [59]. Under the
variable game framework introduced in this study, different
game distributions can yield distinct evolutionary outcomes.
Therefore, it is meaningful to identify the optimal game
distribution that most effectively facilitates the evolution and
persistence of cooperation in structured populations. To do
that, we formulate and analyze the optimization problem
from two complementary theoretical perspectives, including:
1) maximizing the gradient of cooperation selection and
2) minimizing the fitness difference between defectors
and cooperators. These two approaches provide
distinct, yet converging insights into how the
structure of the game environment can be strategically
adjusted to foster cooperative behavior in structured
populations.

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 56, NO. 8, AUGUST 2026

A. Maximizing the Gradient of Cooperation Selection

Similar to the concept of replicator dynamics in the well-
mixed population, the evolutionary dynamics of cooperation
characterize the direction and rate of cooperative evolution
in the structured population. Based on (13) and (23) of
the Supplementary Material, we can obtain the gradient of
cooperation selection ps as a function of the percentage
of cooperators p4 as

W k-2
k-1

X |:k -(-k-1) Xn:ﬂ'iDri - Xn:”iDgi
i=1 i=1

+ (k2 —k=2)pa Zﬂi (Dr; — Dgi)i| )

Da pa(l=pa)

i=1

Consequently, cooperative behavior can be promoted by
maximizing the gradient of cooperation selection when the
gamble-intending and risk-averting dilemmas are sufficiently
small. We stress that the term w(k — 2)/(k(k — 1))pa(1 — pa)
is independent of the game distribution and remains positive
for ps € (0,1) and k > 3. Therefore, to determine the optimal
game distribution that maximizes the gradient of cooperation
selection, we formulate the following optimization problem:

max H; (IT)
S.t. pa = wF, (pA,QAIA) ®)

where

H,{dI) = - (k2 — k- 1) ZmDri - Z?T,‘Dg,‘
i=1 i=1

+ (& —k=2) pa Y _ mi(Dri - Dgy).

i=1

It is worth noting that the game distribution II =
(my,m2,...,m,) varies with the proportion of cooperators pj.
We derive the optimal game distribution that maximizes the
gradient of cooperation selection under two different games,
as summarized in the following theorem.
Theorem 3: Consider the optimization problem involving
two different games. The optimal game distribution IT* that
maximizes the gradient of cooperation selection for any pro-
portion of cooperators is characterized as follows.
1) When Dry + Dgy > Dg, + Dry:
1) If (k* — k — 1)(Dr; — Dry) + (Dg; — Dg,) < 0, then the
optimal game distribution is IT* = (1,0) for any p4 €
O, 1).

2) If (k* — k — 1)(Dg; — Dg>) + (Dr; — Dry) > 0, then the
optimal game distribution is IT* = (0,1) for any p4 €
0, 1).

3) If (k* — k — 1)(Dr; — Dry) + (Dg; — Dg») > 0 and
(k* — k — 1)(Dg1 — Dg>) + (Dr; — Dry) < 0, then the
optimal game distribution is

. JO.1), pae(0,py)

= 9
(1,0), pac€[pi1) ©
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where py = [(k* — k — 1)(Dry — Dry) + (Dg -
Dg»))/I(k* = k = 2)(Dri — Dgy = Dry + Dg)].

2) When Dry + Dg, < Dgy + Dr;:

1) If (k* — k — 1)(Dr; — Dry) + (Dgi — Dg») > 0, then the
optimal game distribution is IT* = (0,1) for any p4 €
0, 1).

2) If (k* — k — 1)(Dg; — Dg>) + (Dr; — Dr») < 0, then the
optimal game distribution is IT* = (1,0) for any p4 €
O, 1).

3) If (k* — k — 1)(Dr; — Dry) + (Dg; — Dg>) < 0 and
(k> — k — 1)(Dg, — Dgy) + (Dr; — Dr) > 0, then the
optimal game distribution is

H*_ (1’0)» PAE(QPZ)

= 10
0,1), pac€lpi1). {10

Remark 3: The proof is given in Section III of the Sup-
plementary Material. This theorem provides a comprehensive
characterization of the optimal game distribution that max-
imizes the gradient of cooperation selection for different
proportions of cooperators. A key finding is the optimal game
distribution governed by the sign of a specific combination of
game parameters, which implies that even minor differences
between Dr; and Dg; can substantially alter the optimal strat-
egy. In the hybrid case, the presence of a critical threshold p}
marks a transition point in the population composition at which
the optimal game distribution must be adjusted to maintain the
highest selective advantage for cooperation. This underscores
the importance of dynamically tuning the game environment
in response to the evolving state of the population.

B. Minimizing the Fitness Difference Between Defectors and
Cooperators

Next, we aim to facilitate the evolution of cooperative
behavior in structured populations by minimizing the fitness
difference between defectors and cooperators. This optimiza-
tion problem is motivated by the crucial role that fitness plays
in strategy evolution, and if defectors exhibit higher fitness
than cooperators, then defectors are more likely to persist
and dominate the population. Therefore, it is meaningful
to explore an optimal game distribution that minimizes the
fitness difference between defectors and cooperators, thereby
fostering cooperative behavior when gamble-intending and
risk-averting dilemmas are relatively small. Before that, we
need to derive the expected fitness of cooperators f; and
defectors fz. In a structured population with a regular network,
the expected fitness of cooperators f can be expressed as

fi=pp(l-w)

+ ppw |:— ((k=1)gpa +1) ZﬂiDh’ + (k- 1)61A|A:|

i=1

+ paw [— (k-1 gpa ZmDri + (k=1 gan + 1)}
i=1

+pal -w) (1)
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and the expected fitness of defectors f is given by

f5=pp(1 - ) + ppo [(k = Dqup (1 + Zn,»Dg,»)]

i=1

+ paw |:((k— D gap + 1) (1 + Z”iDgi)i|
i=1

+pa(l -w) (12)

where pp is the fraction of defectors and gxy indicates the
conditional probability of finding a neighbor whose strategy
is X given that the individual’s strategy is Y.

Therefore, to determine the optimal game distribution that
minimizes the fitness difference between defectors and coop-
erators, we can formulate the optimization problem as follows:

min A, (1) = fz — fa

s.t. pa = wFy (pa,qan) - (13)

We stress that the game distribution I1 = (my,7m,...,7,)
varies with the frequency of cooperators p,. In what follows,
we derive the optimal game distribution that minimizes the
fitness difference between defectors and cooperators under two
different games, and the result is summarized in the following
theorem.

Theorem 4: Consider the optimization problem involving
two different games. The optimal game distribution IT* that
minimizes the fitness difference between defectors and coop-
erators for any fraction of cooperators is characterized as
follows.

1) When Dg, + Dr, > Dgy + Dry:

1) If Dr; > Dr,, then the optimal game distribution is I[T* =

(0,1) for any p4 € (0, 1).
2) If Dg, < Dg,, then the optimal game distribution is
IT* = (1, 0) for any p4 € (0, 1).

3) If Dry < Dr, and Dg, > Dg,, then the optimal game

distribution is

. _)(1,0). pae(0.p})
0,1), pac[pi1)

where p) = (Dr, — Dry)/(Dg; — Dg, — Dry + Dry) €
0, 1).

2) When Dgy + Dr, < Dgy + Dry:

1) If Dry < Dr;, then the optimal game distribution is IT* =
(1,0) for any p4 € (0, 1).

2) If Dg; > Dg», then the optimal game distribution is
IT* = (0, 1) for any p4 € (0, 1).

3) If Dry > Dr, and Dg, < Dg,, then the optimal game
distribution is

= O D, pae(0.p5)
(1,0), pAe[pj,,l).

Remark 4: The proof is provided in Section IV of the
Supplementary Material. This theorem characterizes the opti-
mal game distribution that minimizes the fitness difference
between defectors and cooperators across all population com-
positions. The result highlights the sensitivity of the optimal
game distribution to the underlying gamble-intending and

(14)

15)
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risk-averting dilemmas. Interestingly, specific scenarios also
give rise to a threshold p}, indicating a critical composition
of cooperators in the population at which the system must
switch its game distribution to sustain the smallest possible
fitness disparity. Notably, this threshold depends solely on
the payoff parameters Dr; and Dg;, suggesting that effective
adaptive control strategies can be devised to facilitate the
emergence of cooperative behavior, even in the absence of
detailed knowledge about the network structure.

This concludes our theoretical analysis of the optimal game
distribution under the variable game framework. Theorems 3
and 4 jointly reveal two complementary design principles for
steering evolutionary dynamics toward cooperative behavior.
Theorem 3 aims to enhance the directionality of natural
selection in favor of cooperation by maximizing the gradient of
cooperation selection, whereas Theorem 4 focuses on reducing
the advantage of defectors by minimizing the fitness difference
between defectors and cooperators.

IV. NUMERICAL AND SIMULATION RESULTS

In this section, we provide a detailed description and
analysis of the simulation details as well as the numerical
and simulation results to verify our theorems. In particular,
in Section IV-A, we first illustrate the simulation methods
involved in this article. Following this, we carry out a series of
simulations to verify the theoretical conditions for cooperation
under the assumption of known stationary distributions of
variable games and probability distributions governing game
durations, as detailed in Section IV-B. Then, in Section IV-C,
we perform numerical calculations and extensive Monte Carlo
simulations to validate the theoretical results derived from the
optimization problems.

A. Methods

To validate our theoretical findings, we consider the case
where the transition occurs between two different games,
denoted by G; and G,. Concretely, the duration of each game
interaction is not fixed, but follows an arbitrary probability
distribution. The game played between individuals changes
once the time for the current game has elapsed. The game
interaction between individuals i and j can thus be modeled
as the Markov chain {X;;(¥),t > O} with the state space
E = {G{,G,}. We assume that the durations for which indi-
viduals engage in games G; and G, are governed by arbitrary
distributions g;(¢) and g»(#), respectively, and that the game
interaction between individuals transitions to another game
immediately upon the conclusion of the current one. We can
get the stationary distribution of individuals playing different
games based on the Markov chain theory. Specifically, the
probability that the game played between individuals is G,
can be expressed as

E (T¢,) ) JoF 1g) (nydr
E(Tg,)) +E(Te,)  [;7t[g1 (1) + g2 (0)]dr

where E(T,) represents the expected time of game
interaction G;.

(16)

1=
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Similarly, the probability that the game played between
individuals is G, is given by

E(Tq,) _ [oF 1g2 (ndt
E(Te,) +E(Tc)  [;7t[g1 () + g (]dr

By substituting the derived values of m; and m, into (5)
and (6), we can obtain the theoretical conditions under which
natural selection favors cooperation and cooperation can be
favored over defection when the distribution governing game
duration is known.

Ty =

Algorithm 1 Simulation of Fixation Probability

1: Initialize the total number of simulations num, the current
simulation count run = 0, the counter for successful
fixations of cooperators numc (defectors nump), and the
regular network structure G, where each individual is
connected to k neighbors. All individuals are initially
assigned to defect D (cooperate C).

2: while run < num do
3: Randomly select one individual i from the population
and set s; < C (s; < D) as the invading strategy.
4: while the population has not reached an
absorbing state do
5: Randomly select one individual j to be replaced.
6: One of j’s neighbors is selected to reproduce
and fill the vacancy, with a probability
proportional to their fitness.
7: if All individuals are cooperators (defectors) then
8 numc(nump) «— numc(nump) + 1.
: run < run + 1.
10: Break.
11 end if
12: if All individuals are defectors (cooperators) then
13: run « run + 1.
14: Break.
15: end if
16: end while

17: end while
18: Compute the fixation probability of cooperation (defec-

. . numc(nump)
tion): pc(pp) e ")

The population structure is modeled as a square lattice
with periodic boundaries using von Neumann neighborhoods
(where each individual has four neighbors, ie., k = 4)
or Moore neighborhoods (where each individual has eight
neighbors, i.e., k = 8). To simulate the fixation probability pc
(op) of cooperation (defection), we initialize the population
with only defectors (cooperators) and randomly select one
individual to adopt the opposite strategy as an invader. The
simulation proceeds until the population reaches one of the two
absorbing states, i.e., all individuals in the population are either
cooperators or defectors. The fixation probability pc (op) is
then calculated as the proportion of simulations in which a
single cooperator (defector) successfully takes over the entire
population, based on 5 x 10° independent Monte Carlo
simulations. The detailed simulation procedure for computing
the fixation probability is presented in Algorithm 1.
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Fig. 1. Fixation probability of evolutionary dynamics with known game
distributions. This figure shows pc and pc — pp as functions of Dg; under
different regular networks and game distributions. The arrows in the first and
second rows indicate the theoretical conditions under which natural selection
favors cooperation (oc > 1/N) and cooperation is favored over defection
(oc > pp) in different scenarios, respectively. The horizontal red dashed
line represents the neutral drift, corresponding to (a) and (b) pc = 1/N and
(¢) and (d) pc = pp-

B. Evolution of Cooperation With Variable Games

In this section, we consider the scenario in which the
stationary distribution of transitions between two different
games, G| and Gj, is known and denoted by m; and mp,
respectively. To verify the theoretical predictions regarding the
evolution of cooperation under given stationary distributions
demonstrated in Theorems 1 and 2, we conduct different
simulations on square lattice networks with von Neumann
neighborhoods (k = 4) and Moore neighborhoods (k = 8),
respectively, where the network size is fixed at N = 100. The
corresponding results are presented in Fig. 1, which depicts
pc and pc — pp as functions of Dg; under different network
structures and stationary distributions. The variable game
scenario corresponds to the distribution 1 = 0.5 and 7, = 0.5,
while the fixed game scenario corresponds to m; = 1.0 and
7, = 0.0. The arrows indicate the theoretical thresholds derived
from (5) and (6), representing the conditions under which
natural selection favors cooperation and cooperation is favored
over defection, respectively, across different regular networks
and stationary distributions. The red horizontal line marks the
baseline of neutral drift for reference.

From Fig. 1, we clearly observe that both the fixation
probability of cooperation pc and the difference pc — pp
decrease with an increase in the payoff parameter Dg;. This
is because an increase in Dg; leads to a greater fitness for
defectors, which in turn reduces the number of cooperators
in the population. In addition, by comparing the simulation
results with the theoretical critical values, we find that they
are in relatively good agreement. Specifically, when the payoff
parameter Dg; is less than the theoretical value marked by
the arrow, the cooperation shown in Fig. 1(a) and (b) can
be favored by natural selection, i.e., pc > 1/N, and the
cooperation illustrated in Fig. 1(c) and (d) is favored over
defection, i.e., pc — pp > 0. Furthermore, we find that the
points labeled by green triangles in Fig. 1(a) and (c) are
always above the red diamonds in the square lattice network
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Fig. 2. Fixation probability of evolutionary dynamics with the same proba-
bility distributions governing the durations of different games. The first and
second columns show the evolution of fixation probability under uniform and
exponential distributions, respectively. The panels in the first row show the
variation of pc, while those in the second row discuss pc — pp. The green and
blue arrows indicate the theoretical conditions for cooperation to be favored
by natural selection (oc > 1/N) and cooperation to be favored over defection
(oc > pp) under different transition rates, respectively. The horizontal red
dashed line denotes the baseline for neutral drift, corresponding to (a) and
(b) pc = 1/N and (c) and (d) pc = pp.

with periodic boundaries using von Neumann neighborhoods.
This suggests that the introduction of variable games better
facilitates the emergence and maintenance of cooperation
compared to the evolution of cooperation in fixed games. In the
case of Moore’s neighborhoods presented in Fig. 1(b) and (d),
we can obtain the same conclusion. Moreover, by comparing
the theoretical thresholds of variable and fixed games marked
by the arrows, we find that the blue arrow is always to the
right of the purple arrow, indicating that variable games can
facilitate the evolution of cooperation more than fixed games,
consistent with the results observed under the von Neumann
neighborhoods.

In what follows, we consider the scenario in which the
stationary distribution of transitions between two different
games is unknown; instead, only the probability distributions
governing the durations of different games are specified. Fig. 2
depicts the results of the fixation probability when the dura-
tions of both games obey uniform or exponential distributions.
The first and second columns correspond separately to the
uniform and exponential cases, while the first and second rows
illustrate how p¢ and pc — pp vary with respect to the payoff
parameters, respectively.

The results across all four panels in Fig. 2 consistently show
that the simulation outcomes align well with the theoretical
predictions and that cooperation will be inhibited as the payoff
parameters Dr; and Dg; increase, since higher values of these
parameters improve the fitness of defectors. Further com-
parisons under different duration distributions yield a deeper
insight. In particular, when the durations of game interactions
follow a uniform distribution, where the time to play G; obeys
the uniform distribution of a; to b;, i.e., Tg, ~ U(a;, b;), the
results shown in Fig. 2(a) and (c) are obtained on the lattice
network of size N = 100 with Moore neighborhoods. The
parameters related to the durations are set as a; = a; = 50
and b; = 150, and those related to the payoffs are fixed at
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Fig. 3. Fixation probability of evolutionary dynamics with arbitrary proba-
bility distributions governing the durations of different games. The first and
second rows illustrate pc and pc — pp against Dr, under different exponential
transition rates. The first column corresponds to a network size of N = 100,
while the second column shows the results for N = 500. The green and
blue arrows denote the theoretical thresholds under which natural selection
favors cooperation (pc > 1/N) and cooperation can be favored over defection
(oc > pp) at transition rates 4 = 0.02 and 2 = 0.05, respectively. The
horizontal red dashed line represents the neutral drift, with pc = 1/N for
panels (a) and (b) and pc = pp for panels (c) and (d).

Dgy = -0.2, Dg, = 0.3, and Dr, = 0.5. It can be observed that
the point of b, = 100 marked by the green triangle is always
above that of b, = 200 marked by the blue square, and the
green arrow is shifted to the right of the blue, suggesting that
lowering b,, the upper bound of the uniform distribution for
G,, facilitates the evolution of cooperation. This phenomenon
arises because G, imposes a stronger social dilemma than G,
and reducing b, effectively shortens the average duration of
the harsher game. On the other hand, when the game durations
follow exponential distributions, where the time to play G,
and G, obeys the exponential distribution of A and u, i.e.,
TG, ~ E(1) and T, ~ E(u), the results displayed in Fig. 2(b)
and (d) are obtained on the lattice network of size N = 100
with von Neumann neighborhoods. The transition rate from G,
to G is fixed at 4 = 0.02, and the payoff parameters are set as
Dr; =0.5, Dg, = 0.2, and Dr, = 0.3. In this setting, increasing
the transition rate A from G| to G, favors the survival of the
cooperators. This effect can be explained in the same way as
for the uniform case: by reducing the average duration spent
in the more challenging game environment, the evolutionary
pressure on cooperators is alleviated.

Next, we explore the case where the durations for individ-
uals to engage in games obey arbitrary, potentially distinct
distributions. Unlike the previous case illustrated in Fig. 2,
where both games shared the same type of distribution, here
we assume that the time to play G; follows an exponential
distribution with parameter A, i.e., Tg, ~ E(4), while the
time to play game G, follows a uniform distribution over
the interval [a,b], i.e., Tg, ~ U(a,b). It is also worth noting
that previous simulations were conducted on networks of size
N = 100. In this analysis, we also examine the impact of a
larger network, specifically a square lattice with N = 500. The
parameters associated with the payoffs are set as Dg; = 0.5,
Dg, = 0.1, and Dr; = 0.3. The first and second rows of Fig. 3
depict the evolution of pc and pc — pp as a function of the
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payoff parameter Dr, for various values of the transition rate
A under network sizes of N = 100 and N = 500, respectively.
We emphasize that the level of neutral drift, indicated by the
red horizontal dashed line in Fig. 3(a) and (b), differs due to
the distinct network sizes.

As shown in Fig. 3, the simulation results are in good
agreement with the theoretical predictions for both network
sizes, N = 100 and N = 500. It is evident that coopera-
tion is increasingly suppressed as the payoft parameter Dr,
increases. Moreover, we observe that a higher transition rate
A promotes the evolution of cooperation. Specifically, the data
point corresponding to 4 = 0.05, indicated by the blue square,
consistently lies above the one for 4 = 0.02, marked by the
green triangle. Similarly, the theoretical threshold represented
by the blue arrow is always greater than that indicated by the
green arrow. This observation can be explained by the fact
that the social dilemma in game G, is weaker than that in
Gi. Therefore, increasing the transition rate A shortens the
duration of G; and effectively extends the time individuals
spend playing G,, which is more conducive to the persistence
of cooperation. These findings are consistent with the results
presented in Fig. 2(b) and (d).

C. Numerical Calculations and Monte Carlo Results for
Optimization

In this section, we validate the theoretical results of the opti-
mal game distribution derived in Section III through numerical
calculations and Monte Carlo simulations.

1) Numerical and Simulation Results for Maximizing the
Gradient of Cooperation Selection: To verify the theoreti-
cal results concerning the maximization of the gradient of
cooperation selection illustrated in Theorem 3, we present the
numerical results of the gradient of cooperation selection as
a function of the cooperator proportion, as well as the cor-
responding evolutionary trajectories of cooperator frequency
over time, shown in the first and second columns of Fig. 4,
respectively. We emphasize that the numerical calculation of
the temporal evolution of cooperation frequency in the second
column is governed by the differential equation presented in
(7). Consequently, the corresponding evolutionary trajectories
are deterministic. Our results indicate that an evolution time of
t = 10000 is sufficient to reveal the superiority of the optimal
game distribution over other game distributions. Additionally,
the third column of Fig. 4 displays Monte Carlo simulation
results for the evolution of cooperator frequency over time.
We note that the results in the third column are obtained from
Monte Carlo simulations, which inherently introduce stochas-
ticity into the strategy updating process at each step. Therefore,
the corresponding evolutionary trajectories are nondeterminis-
tic. Since the strategy update follows a death—birth process, in
which only one individual updates its strategy per time step, a
sufficiently long evolutionary timescale is required to capture
the asymptotic behavior of the system. Our simulations show
that when the evolutionary time is set to t = 1 00 000, the opti-
mal game distribution exhibits a distinct advantage over other
game distributions. The parameter configurations for rows 1-3
in Fig. 4 satisfy the condition Dg, + Dr; > Dg; + Dry,
with (k* — k — 1)(Dry — Dry) + (Dg; — Dgy) < 0 for
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Fig. 4. Numerical and simulation results for maximizing the gradient of cooperation selection. The first column panels (a), (d), and (g) illustrates the numerical
results of the gradient of cooperation selection as a function of the fraction of cooperators under different stationary game distributions. The second panels (b),
(e), and (h) and third panels (c), (f), and (i) columns display the corresponding numerical and Monte Carlo simulation results, respectively, for the evolutionary
trajectories of the cooperator frequency over time. Each row corresponds to a different theoretical case for maximizing the gradient of cooperation selection,
as stated in items (i)—(iii) of Theorem 3. The vertical orange dashed line in (g) denotes the critical point x* at which G;(x*) = 0 shown in (33) of the

Supplementary Material.

row 1, (&* — k — 1)(Dg1 — Dg») + (Dry — Dry) > 0 for
row 2, and (¥* — k — 1)(Dr; — Dry) + (Dg; — Dgy) >
0,(k> — k — 1)(Dg, — Dg) + (Dry — Dr;) < 0 for
row 3.

In Fig. 4(a), we find that the gradient of selection cor-
responding to m; = 1.0 marked by green diamonds is the
highest across all values of cooperator frequency and decreases
monotonically as m; decreases. Furthermore, the result pre-
sented in Fig. 4(b) shows that all scenarios eventually reach
the pure cooperator state, with 7r; = 1.0 achieving this outcome
the fastest. As m; decreases, the time required to reach full
cooperation increases. The Monte Carlo simulation results in
Fig. 4(c) corroborate these findings. In contrast, in Fig. 4(d),
we find that the gradient of selection is maximized for 7; = 0.0
marked by the blue circles and decreases as m; increases.
Fig. 4(e) further confirms that cooperation emerges most
rapidly when m; = 0.0, compared to other situations. These
observations are again supported by the simulation results
illustrated in Fig. 4(f). In Fig. 4(g), a threshold phenomenon
is observed. When the cooperator frequency x € (0, x*], where
x' = [ = k = 1)(Dr1 = Dry) + (Dg1 — Dg)l/[(kK* -
k — 2)(Dr; — Dg, — Dry 4+ Dg»)], indicated by the orange
vertical dashed line, the gradient of selection is largest for
m = 0.0; however, when x € (x*, 1), the gradient of selection is
maximized for 71 = 1.0. Furthermore, both the numerical and
simulation results presented in Fig. 4(h) and (i) demonstrate
that, given a sufficiently long evolutionary time, the cooperator
frequency under m; = m} always achieves the highest or
reaches the full cooperation state fastest compared to the

other cases, where 7} denotes the value of 7y that maximizes
the gradient of selection in Fig. 4(g). These results strongly
validate the theoretical predictions, with both numerical and
simulation outcomes displaying excellent agreement. Addi-
tionally, we verify the remaining three theoretical cases in the
Supplementary Material, and the interested readers can refer to
Section V-A of the Supplementary Material for further details.
These results also support the same conclusion: the numerical
and simulation outcomes are in excellent agreement with the
theoretical predictions.

2) Numerical and Simulation Results for Minimizing the
Fitness Difference Between Defectors and Cooperators:
To verify the theoretical prediction of minimizing the fit-
ness difference between defectors and cooperators shown in
Theorem 4, we present the numerical results of the fitness
difference with respect to the proportion of cooperators, along
with the evolution of the cooperator frequency over time based
on (7). These results are separately illustrated in the first and
second columns of Fig. 5. Moreover, the third column of Fig. 5
displays the Monte Carlo simulation results depicting the tem-
poral evolution of the cooperator frequency. The evolutionary
time for the numerical calculation and computer simulation of
the cooperation ratio in the second and third columns is set
to t+ = 10000 and ¢t = 100000, respectively. These settings
are sufficient to clearly capture the advantage of the optimal
game distribution over other game distributions in promoting
cooperation. The parameter settings for rows 1-3 in Fig. 5 all
satisfy Dg, + Dr, > Dg, + Dry, with specific distinctions as
follows: row 1 corresponds to Dr; > Dr,, row 2 corresponds
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Fig. 5. Numerical and simulation results for minimizing the fitness difference between defectors and cooperators. The first column panels (a), (d), and (g)
represents the numerical results of the fitness difference between defectors and cooperators as a function of the proportion of cooperators under different
stationary game distributions. The second panels (b), (e), and (h) and third panels (c), (f), and (i) columns display the numerical and simulation results,
respectively, for the evolutionary trajectories of the cooperator frequency over time under these distributions. Each row corresponds to a different theoretical
case for minimizing the fitness difference between defectors and cooperators, as described in items (i)—(iii) of Theorem 4. The orange vertical dashed line in
(g) indicates the critical point x* that makes G,(x*) = 0 presented in (37) of the Supplementary Material.

to Dg; < Dg;, and row 3 corresponds to Dr; < Dr, and
Dg, > Dg,.

In Fig. 5(a), we observe that the fitness difference between
defectors and cooperators is minimized at 7; = 0.0 marked by
blue circles and grows as m; increases. In addition, Fig. 5(b)
demonstrates that all scenarios eventually reach the fully coop-
erative state, with m; = 0.0 achieving it the fastest. The speed
to reach full cooperation decreases as 7| increases for the other
scenarios. These findings are corroborated by the Monte Carlo
simulation results displayed in Fig. 5(c). It is worth noting that
the discrepancies between the numerical calculation and com-
puter simulation of cooperative evolution in Fig. 5(b) and (c)
are natural. This is because the numerical result is obtained
from (7), which describes a deterministic evolutionary process,
whereas the computer simulation is obtained through Monte
Carlo simulation, which inherently involves stochasticity in
individual strategy updates, leading to indeterminate evolution-
ary trajectories. In Fig. 5(d), we find that the fitness difference
is minimized for m; = 1.0 indicated by green diamonds and
increases as m; decreases. Analogously, Fig. 5(e) demonstrates
that the fully cooperative state is reached most rapidly when
m = 1.0, a conclusion also supported by the simulation results
shown in Fig. 5(f). In Fig. 5(g), we identify a critical threshold
x* = (Dry — Dry)/(Dg1 — Dg, — Dr; + Dr;) marked by the
orange vertical dashed line. When the cooperator frequency
x € (0, x*], the fitness difference is smallest for 7; = 1.0; in
contrast, for x € (x*, 1), the smallest fitness difference occurs
at 11 = 0.0. Furthermore, the numerical and simulation results

depicted in Fig. 5(h) and (i) reveal that over a sufficiently
long evolution period, the scenario with ; =z} achieves the
highest number of cooperators or reaches full cooperation the
fastest compared to the other cases, where 7] corresponds
to the value of m; that minimizes the fitness difference in
Fig. 5(g). All of these results support strong agreement
between theoretical predictions and both numerical and simu-
lation outcomes. Furthermore, the remaining three theoretical
cases are validated in the Supplementary Material. Interested
readers are referred to Section V-B of the Supplementary
Material for detailed discussions. These additional results
further confirm that the numerical and simulation outcomes
are in excellent agreement with the theoretical predictions.

V. CONCLUSION AND DISCUSSION

In this article, we studied the two-player two-strategy
evolutionary dynamics in structured populations under the pro-
posed variable game framework, where the game interactions
between individuals are not fixed, different from the common
assumption in traditional models. In contrast, the durations
of different game interactions follow a certain distribution,
and we can obtain the stationary distribution of individuals
engaged in various games. Based on the pair approximation
method, we derived the theoretical conditions under which
cooperation can be favored by natural selection and when it
is favored over defection in structured populations. Notably,
by applying our conclusions for the static (nonvariable) game
to the donation game, we recovered the classic rule “b/c > k”
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[57], thereby validating the theoretical framework. To ver-
ify our theoretical results, we focused on the representative
case involving transitions between two different games and
performed extensive Monte Carlo simulations. The results
demonstrated strong consistency between theoretical predic-
tions and the simulation outcomes. The comparative analysis
further revealed that the proposed variable game promotes
cooperative behavior more effectively than the fixed game. In
addition, we explored the model’s robustness by conducting
simulations across different neighborhood configurations and
network sizes in regular graphs. In all cases, the results remain
consistent with the theoretical expectations, highlighting the
robustness and generality of the proposed framework.

We also formulated two optimization problems in terms
of: 1) maximizing the gradient of cooperation selection and
2) minimizing the fitness difference between defectors and
cooperators. Through rigorous theoretical analysis, we derived
the corresponding optimal game distribution that most effec-
tively promotes the evolution of cooperation. To validate
these theoretical findings, we performed numerous numerical
calculations and Monte Carlo simulations for each optimiza-
tion scenario. The obtained results showed that both the
numerical and simulation results are in good agreement with
the theoretical predictions. It is important to note that our
theoretical analysis of the optimal game distribution primarily
focused on the scenarios involving two distinct games. When
the optimization problem extends to three or more games,
obtaining an analytical solution becomes substantially more
complex. In such cases, the problem can instead be addressed
by numerical calculations or computational simulations. More-
over, our findings highlight that the proposed variable game
mechanism exerts a substantial impact on both the fixation
probability of cooperation and the conditions under which
cooperation is most likely to evolve. Our work can offer
valuable insights into the design of optimal game environments
to foster the emergence and maintenance of cooperative behav-
ior, particularly in contexts where modifying environmental
conditions is more feasible than altering individual strategies.

Notably, the proposed variable game mechanism can be
regarded as a form of game transition. However, it fundamen-
tally differs from earlier studies, where game transitions are
typically driven by individual strategic behaviors [44], [46],
whereas the motivation in this article is to model transitions
influenced by external factors such as seasonal changes or
market cycles. Besides, while [43] and [45] investigated the
effects of game transitions on the evolution of cooperation,
their analysis was based on simulation experiments exclusively
and did not derive the theoretical conditions under which
cooperation can be favored over defection. Furthermore, we
establish two optimization problems based on maximizing the
gradient of cooperation selection and minimizing the fitness
difference between defectors and cooperators, and theoretically
derive the optimal game distribution that best promotes the
evolution of cooperation. This theoretical framework repre-
sents a novel contribution, as it has not been addressed in
previous works on game transitions.

Within the variable game framework proposed in this article,
several intriguing directions merit further investigation. For
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example, our theoretical analysis is primarily developed for
regular networks, whereas population structures often exhibit
other properties in reality, such as small-world effects [60],
scale-free properties [61], or temporal dynamics [62]. Besides,
our research mainly employs two-player games, whereas
multiplayer games are also commonly observed in practice,
such as public goods games [63]. Therefore, extending the
study to these more complex population structures and diverse
interaction models is meaningful and remains an important
avenue for future research.
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I. PROOF OF THEOREM 1

We employ the symbols p4 and pp to denote the propor-
tions of strategies A and B utilized in the population. Let pxy
and gx |y respectively represent the frequency of XY strategy
pairs in the system and the conditional probability of finding
a neighbor whose strategy is X given that the individual’s
strategy is Y, where X and Y can be either A or B. Then,
we have the following equation holds

pat+pe=1

qax Tqpx =1
Pxy = PX4y|x
PXy =Pvrx

which suggests that the whole system can be described in
terms of the variables p4 and g4, with all other variables
being functions of these two variables. We emphasize that
the strategies of individuals in the system evolve dynamically
during the evolutionary process, with a primary focus on the
frequency of strategy A utilized by individuals. Next, we
derive the dynamical equation for the evolution of cooperation
in the population and further identify the conditions under
which cooperation dominates.
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A. Updating a B-individual

We begin by considering the case in which a B-individual
is selected to die, and an A-individual from the neighborhood
succeeds in reproducing to occupy the position of the dead
individual. Suppose that there are k4 A-individuals among
the k neighbors of the dead B-individual, then the probability
of this particular neighborhood configuration can be expressed
as

k
'Q{(kA) = ( kA ) qIXTBqZTB’ (2)

where kp is the number of B-individuals among the k
neighbors of the dead B-individual, and we have kp = k—k4.

The fitness of each A-individual that plays the game with
the dead B-individual is

fa=1-w+tw

(k—1)gaja — ((k—1)gpa+1) ZMDH] :

i=1

3)
and the fitness of each B-individual that plays the game with
the dead B-individual is

fB=1—-w+w

(k1) qaip (1 + Zm—Dgiﬂ e

i=1
The probability that one of the neighboring A-individuals
replaces the dead B-individual can be expressed as

kafa
P(A—-B)= —F—F—. 5)
( ) kafa+kpfp (
Therefore, p4 increases by 1/N with probability
1
PlApa=—=)= o (ka)P(A— B
(pA N> kagkzk (ka)P (A — B)
A B—
(6)
_ KU ha ks kafa
—PB]C Z_ kA!kB!qA\BQB|BkAfA+kaB'
A+kp=k

Meanwhile, the success of an A-individual in occupying
the position of a dead B-individual leads to an increase in the
number of AA-pair in the system by k4, and thus p44 grows
by ka/(kN/2) with probability

2%
P <ApAA - m“) = ppd (ka)P (A — B)

k! & gkn kafa
kalkp! " AIB BIB Ly fu + kpfp

(7
= DB



IEEE TRANSACTIONS ON CYBERNETICS

B. Updating an A-individual

Subsequently, we consider the situation in which an A-
individual is chosen to die, and a B-individual in the neigh-
borhood succeeds in reproducing to occupy the position of the
dead individual. We assume that there are k4 A-individuals
and kp B-individuals among the k& neighbors of the dead A-
individual, where k4 + kg = k, then the probability of this
specific neighborhood configuration is given by

k
B(ka) = ( fa )q,’zAAq;BA. ®)

The fitness of each A-individual who plays the game with
the dead A-individual is

ga = 1—w+w

i=1

©))
and the fitness of each B-individual who plays the game with
the dead A-individual is

gp=1—-w+w

((k=1)qa+1) (1 + Zn:ng,)] )

(10)
The probability that one of the neighboring B-individuals
replaces the dead A-individual can be expressed as

kpgs
P (B A= ————
(B=4) kaga + kpgn

Therefore, pa decreases by 1/N with probability

(1)

> B(ka)P(B— A)

1
P (APA = —) =pa
N ka+kp=k

=PA

(12)
> g
1k p! B ‘

faiia_y, alks! kaga +Fkpgn
Simultaneously, the success of a B-individual in occupying
the position of a dead A-individual leads to a reduction in the
number of AA-pair in the system by k4. Consequently, paa

reduces by ka/(kN/2) with probability

2k
P (ApAA = _kj]\IfL‘) = pA@(kA)P (B — A)
KU ka ks kaga

—ba kalkp! 9a]a%B] kaga+ kpgs

13)

C. Evolutionary Dynamics of Cooperation

Hereby, we assume that the death of an individual and the
replacement of a neighbor’s strategy occur within one unit of
time, 1/N. Then, the derivative of p4 can then be expressed
as

b [y o= 3) () (o3

k—1 - =
o PaB (Ia - TmeDm — I ZmDm) +0 (w2) ,

=1 =1
(14)

= w

(k=1)qaja+1) = (k—1)qp|a ZMDH] ;

where 1, I, and I, are shown as follows

I, = (k —1)(qa)a +qB/B)(q414 — q4|B)
Iy = (k= 1)gBja(qaja + aB1B) + 48|
I. = (k—1)qaB(qaja + aB|B) + qa)a
Analogously, we can obtain the time derivative of the
fraction of AA-pair, which is given by

k
. 2k 2k
PAA = l Ap (APAA = A)
ka=0

(15)

kN kN

k
QkA 2kA
e 3 ()P (o= i7)

ka=0

@)

= %pAB 1+ (k—1) (qa8 — qaj4)] + O (w).

Therefore, we can derive the derivative of g4 4

. d (paa
dajA dt \ pa

= %QB\A 1+ (k—1) (qa18 — qaja)] + O (w).

As previously stated, the entire system can be represented
solely by pa and qa 4, ie., Egs. (14) and (17) can be
respectively denoted as

A7)

pa =wFy (pa,qaja) + O (w?), (18)

and

Gaja = Fo (pa.qaja) + O (w). (19)

When the intensity of selection is weak, i.e., w < 1, the
local frequency g4 achieves equilibrium more rapidly than
the global fraction p4. Consequently, the dynamical system
converges swiftly to the slow manifold with 44 = 0, and
we get

1

qA|A —4AB = E—1 (20)

As we mentioned before, the whole system can be repre-
sented by pa and g4 4. With the new constraints outlined in
Eq. (20), the whole system can subsequently be characterized
by a single variable p 4.

D. Diffusion Approximation

Next, we investigate the one-dimensional diffusion process
of the random variable p4. Let Apa as a random variable
within a very short time interval A¢. The expectation E[Ap 4]
and variance V[Ap4] of Apy can be respectively expressed
as

1 1 1 1
E[Apa] = NP (APA = N) + (—N) P (APA = —N>
k72 n n
— wTkpA (1 7pA) (Ia — Ib;WiDT'i — 1. iz_:lﬂ'iDgi> At
=m (pa) At,
21
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and
V [ApA] = E [AQpA} — E2 [ApA]
_2(k—2)
ON2(k—1)

22
pa(l—pa) At =v(pa) At, 22)

where m(pa) and v(ps) are the mean and variance of
the increment of py with a very short time interval Af.
Combining Eqs. (1) and (20), and substituting the values
of qaja,9B|B>94|B,qB|a ©Obtained from the solution into
Eq. (15), we yield

I, = kﬁl

E2—k—1—(k?>—k—2
I, = (F—k=2)pa 23)
1, = e

The fixation probability ¢4(xz) of the A-individual with
initial ratio pa(t = 0) = x follows the differential equation:

dpa(z) v (2)Pa(x) _
(z) dx + 2 de? 0 @4
and by solving Eq. (24), we have
Jo # (y)dy
a(z) = —=—=, (25)
Jo # ()dy

v m) g

where ¢ (y) = e 20
Therefore, under weak selection conditions, we can get

oa(x) =x+ %m (1—2x) [(—2/{2 + 2k + 1) ZmDri
i=1
— (K*—k+1)> mDg; + 3k
i=1
+(kK* —k—2) zZm (Dr; Dgi)] .

i=1

(26)

E. Fixation Probability

According to Eq. (26), we yield the fixation probability p4
of a single A-individual in a population of N —1 B-individuals,
which is given by

PN L N N CPE Ry
pA—(bA(N)—NJer <1 N) [(—2k* + 2k +1)

> miDri— (k> —k+1) > mDg; + 3k
i=1 i=1
2 n
Jri(k ]\l; 2) ;m— (Dr; — Dgi)] :
27
Therefore, for a sufficiently large population /N, we obtain
the condition under which natural selection favors strategy A,
i.e., pa > 1/N, which can be expressed as follows

3k > (2k% — 2k — 1) Y “mDr; + (k* =k +1) Y _mDg.

i=1
(28)
]

II. PROOF OF THEOREM 2

Based on Eq. (26), we can obtain the fixation probability pp
of a single B-individual in a population of N—1 A-individuals,
which is given by

pB=1—¢A(NN_1>=]1V—g‘;(1_;V> (=K + & —1)

Z miDr; — (2k* — 2k — 1) Zngi + 3k
=1

i=1

E—k—2
RS (D - D).
i=1
(29)

Therefore, for a sufficiently large population IV, we get the
condition under which strategy B can be favored, i.e., pp >

1/N, which can be expressed as follows

3k < (K* —k+1) > mDri+ (2k* = 2k — 1) Y Dg;.

i=1 i=1

(30)

Based on Egs. (27) and (29), we have the ratio of the fixation
probabilities

pa N 1 n n

—=1l14+w—— |- (k-1 m:Dr; — (kK —1 m:Dg; + 21| .
P 5 |~ (k=1 ; (k—1) ; 9

(3D

Consequently, for a sufficiently large population N, we

derive the condition for strategy A to be favored over strategy

B, i.e,, pa > pp, which is given by

. 2
Z’/Ti (DTz + Dgl) < —.

- k—1 (32)
=1

III. PROOF OF THEOREM 3

According to Eq. (8) of the main manuscript, to maximize
the gradient of cooperation selection under two different
games, we need to minimize J;(71) = mG1(pa), subject
to the constraint 7 + w2 = 1, where G1(pa) is given by

G (pa) = (k* =k — 1) (Dry — Dra) + (Dg1 — Dg»)
— (k2 —k— 2) (Dry — Dgy — Dro 4+ Dga)pa.
(33)
Since Ji (1) is a linear function of 7y, its optimal value is
attained at either m; = 1 or m; = 0. To determine the optimal
choice, we take the derivative of G1(p4) and yield

G (pa) = — (k* =k = 2) (Dry — Dgy — Dry + Dgs) .
(34)
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By substituting p4 = 0 and p4 = 1 into Eq. (33), we obtain

G (0) = (k* —k —1) (Dry — Dry) + (Dg1 — Dgs), (35)
and
G1(1) = (k* =k — 1) (Dg1 — Dgs) + (Dr1 — Dr3) . (36)

We first analyze the case where 1) Dr1+Dgs > Dgy+ Dro.
In this scenario, we have G(pa) < 0, which implies that
G1(pa) decreases as p4 grows.

() If (k* — k — 1)(Dry — Drag) 4+ (Dg1 — Dgs) < 0, then
G1(pa) <0 for any ps € (0,1) since G1(0) < 0 and G1(p4)
decreases monotonically as p4 grows. In this case, the gradient
of cooperation selection is maximized when m; = 1.

(i) If (k> — k — 1)(Dg1 — Dgs2) + (Dry — Dr3) > 0,
then G1(pa) > 0 for any ps € (0,1) since G1(1) > 0 and
G1(pa) decreases monotonically as py4 increases. In this case,
the gradient of cooperation selection is maximized when 7 =
0.

(i) If (k‘2 —k— 1)(D7“1 — DTQ) + (Dgl — Dgg) > (0 and
(k? — k —1)(Dgy — Dgs) + (Dry — Dry) < 0, then there
exists a point p% = [(k? — k — 1)(Dry — Dry) + (Dgy —
Dg2)]/[(k* — k — 2)(Dry — Dg; — Dry + Dgo)] € (0,1)
such that G(p%) = 0 since G1(0) > 0, G1(1) < 0, and
G1(pa) decreases monotonically as ps grows. Therefore,
G1(pa) > 0 always holds for p4 € (0,p%), and the gradient
of cooperation selection is maximized when m; = 0. In
contrast, for pa € [p%,1), Gi(pa) < 0 always satisfies,
and the gradient of cooperation selection is maximized when
m™ = 1.

Subsequently, we investigate the case where 2) Dr; +
Dgy < Dgy + Drs. In this scenario, we have G (pa) > 0,
which means that G;(p4) increases as ps grows.

(l) If (k2 — k- ].)(.D’I’l — DTQ) + (D91 — Dgg) > 0, then
G1(pa) > 0 for any ps € (0,1) since G1(0) > 0 and G1(pa)
increases monotonically as p4 grows. In this case, the gradient
of cooperation selection is maximized when w1 = 0.

(i) If (k* — k — 1)(Dg1 — Dga) + (Dr1 — Drg) < 0,
then G1(pa) < O for any ps € (0,1) since G1(1) < 0 and
G1(pa) increases monotonically as p 4 increases. In this case,
the gradient of cooperation selection is maximized when 7 =
1.

(iii) If (k? — k — 1)(Dry — Drg) + (Dg1 — Dga) < 0 and
(k* —k —1)(Dgy — Dgs) + (Dry — Dry) > 0, then there
exists a point p% = [(k* — k — 1)(Dry — Dr2) + (Dgy —
Dgo)]/[(K% — k—2)(Dry — Dgy — Dra+ Dgs)] € (0,1) such
that G1(p%) = 0 since G1(0) < 0, G1(1) > 0, and G1(p4)
increases monotonically as p4 grows. Therefore, G1(pa) < 0
always holds for p4 € (0, p% ), and the gradient of cooperation
selection is maximized when m; = 1. Conversely, for p4 €
[p%. 1), G1(pa) > 0 always satisfies, and thereby the gradient
of cooperation selection is maximized when 7y = 0. |

IV. PROOF OF THEOREM 4
Based on Egs. (1) and (20), we can transform
the optimization problem into minimizing Hy(II) =
Soi i [pa(Dg; — Dr;) + Dr;] ;. In the case of two different

games, to minimize the fitness difference between defectors
and cooperators, we need to minimize Jy(m1) = 71 G2(pa),
subject to the constraint m; + m = 1, where Ga(pa) have
the following form

Ga(pa) = (Dg1 — Dg2)pa + (Dr1 — Dra)(1 —pa). (37)

We can get the optimal value of m; is either 1 or O since
Jo(m1) is a linear function of ;. To determine the optimal
choice, we take the derivative of Ga(p4) and yield

G4 (pa) = Dg1 — Dgo + Dry — Dry. (38)

By substituting p4 = 0 and p4 = 1 into Eq. (37), we have

G2 (0) = D’I“l — D’I“Q, (39)

and

G (1) = Dg1 — Dgs. (40)

We first analyze the situation of 1) Dgy+Dry > Dgo+Dr,
where we have G5(p4) > 0, indicating that Go(pa) increases
as pa grows.

(1) If Dry > Dry, then Go(pa) > 0 for any pa € (0,1)
since G2(0) > 0 and G3(pa) increases monotonically as pa
increases. In this case, the fitness difference between defectors
and cooperators is minimized when m; = 0.

(ii) If Dg; < Dgao, then Ga(pa) < 0 for any p4 € (0,1)
since G2(1) < 0 and G5(pa) increases monotonically as p4
grows. In this case, the fitness difference between defectors
and cooperators is minimized when m; = 1.

(iii) If Dry < Dry and Dg; > Dgs, then there exists a
point p* = (Dre — Dry)/(Dg1 — Dgs — Dry+ Drg) € (0,1)
such that Ga(p%) = 0 since G2(0) < 0, G2(1) > 0, and
G2(pa) increases monotonically as p,4 increases. Therefore,
G2(pa) < 0 always holds for pa € (0,p? ), and the fitness
difference between defectors and cooperators is minimized
when m; = 1. In contrast, for pa € [p%,1), Ga(pa) > 0
always satisfies, and thereby the fitness difference between
defectors and cooperators is minimized when 7 = 0.

Subsequently, we investigate the situation of 2) Dg; +
Dry < Dgy + Dry, where we have G4(pa) < 0, meaning
that Go(pa) decreases as p4 grows.

(1) If Dry < Dry, then Go(pa) < 0 for any pa € (0,1)
since G2(0) < 0 and G3(p4) decreases monotonically as p
increases. In this case, the fitness difference between defectors
and cooperators is minimized when m; = 1.

(ii) If Dg; > Dgso, then Ga(pa) > 0 for any p4 € (0,1)
since G2(1) > 0 and G3(pa) decreases monotonically as p
grows. In this case, the fitness difference between defectors
and cooperators is minimized when m; = 0.

@iii) If Dry > Dry and Dg; < Dgs, then there exists a
point p* = (Drgo — Dry)/(Dg1 — Dgs — Dry+ Drg) € (0,1)
such that Ga(p%) = 0 since G2(0) > 0, Ga(1) < 0,
and G2(pa) decreases monotonically as p4 grows. Therefore,
G2(pa) > 0 always holds for p4 € (0,p? ), and the fitness
difference between defectors and cooperators is minimized
when m; = 0. Conversely, for pa € [p%,1), G2(pa) < 0
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always satisfies, and thereby the fitness difference between
defectors and cooperators is minimized when 7 = 1. |

V. FURTHER NUMERICAL AND SIMULATION RESULTS FOR
OPTIMIZATION

In this section, we present additional numerical and simula-
tion results about the optimization problems of (i) maximizing
the gradient of cooperation selection and (ii) minimizing the
fitness difference between defectors and cooperators. These
results serve to validate the final three theoretical predictions
stated in Thms. 3 and 4 of the main manuscript, respectively.

A. Further Numerical and Simulation Results for Maximizing
the Gradient of Cooperation Selection

To validate the final three theoretical predictions regarding
the maximization of the gradient of cooperation selection as
demonstrated in Thm. 3 of the main manuscript, we provide
corresponding numerical and simulation results for each of the
three cases in Fig. 1. Specifically, the parameter settings for
rows 1-3 in the figure satisfy Dgs + Dry < Dg; + Droy, with
(k* — k — 1)(Dry — Drg) + (Dg1 — Dgs) > 0 for row 1,
(k? —k —1)(Dg1 — Dg2) + (Dry — Drg) < 0 for row 2, and
(/4}2 —k — 1)(D’I“1 — D’I“Q) + (Dgl — Dgg) < 0, (kJQ —k —
1)(Dgy — Dgo) + (Dry — Drg) > 0 for row 3.

In Fig. 1(a), we observe that the gradient of selection
corresponding to m; = 0.0 marked by blue circles is the
highest across all values of cooperator frequency and decreases
monotonically as 7y increases. Fig. 1(b) shows that all scenar-
ios ultimately lead to full cooperation, with 77; = 0.0 achieving
this most rapidly. As m; increases, the time required to reach
full cooperation increases. These trends are further confirmed
by the Monte Carlo simulation results in Fig. 1(c). In con-
trast, Fig. 1(d) demonstrates that the gradient of selection is
maximized for 7y = 1.0 marked by the green diamonds and
decreases as m; decreases. This is corroborated by Fig. 1(e),
which shows that cooperation emerges most quickly under
w1 = 1.0, whereas in the m; = 0.0 scenario, cooperators will
eventually go extinct. These observations are again supported
by the simulation results illustrated in Fig. 1(f). In Fig. 1(g),
a threshold phenomenon is observed: when the cooperator
frequency = € (0, 2*], where z* = [(k*—k—1)(Dry — Dry)+
(Dglngg)}/[(k27k72) (D’I"lngl*DT’2+Dgg)], indicated
by the orange vertical dashed line, the gradient of selection
is largest at m; = 1.0; however, when = € (z* 1), it is
maximized at 7 = 0.0. Furthermore, both the numerical and
simulation results presented in Figs. 1(h) and 1(i) demonstrate
that, given a sufficiently long evolutionary time, the cooperator
frequency under m; = =] always achieves the highest or
reaches the full cooperation state fastest compared to the other
cases, where 7] denotes the value of 7; that maximizes the
gradient of selection in Fig. 1(g). These results provide strong
support for the theoretical predictions, with numerical and
simulation outcomes in excellent agreement.

B. Further Numerical and Simulation Results for Minimizing
the Fitness Difference between Defectors and Cooperators

To validate the final three theoretical predictions regarding
the minimization of the fitness difference between defec-
tors and cooperators as presented by Thm. 4 of the main
manuscript, we provide corresponding numerical and simu-
lation results for each of the three cases in Fig. 2. Concretely,
the parameter settings satisfy Dgi; + Dro < Dgs + Dry,
with Dry < Drgy for row 1, Dg; > Dgo for row 2, and
Dry > Dry, Dgy < Dgy for row 3.

In Fig. 2(a), we observe that the fitness difference between
defectors and cooperators is minimized at m; = 1.0 marked by
green diamonds and increases monotonically as m; decreases.
Fig. 2(b) further shows that all scenarios eventually reach the
fully cooperative state, with the fastest convergence occurring
at m; = 1.0. The time required to achieve full cooperation
increases as w1 decreases. These findings are corroborated by
the Monte Carlo simulation results displayed in Fig. 2(c).
Conversely, Fig. 2(d) shows that the fitness difference is
minimized at 77; = 0.0 indicated by blue circles and increases
with increasing ;. Analogously, Fig. 2(e) demonstrates that
the fully cooperative state is reached most rapidly when
w1 = 0.0, a conclusion also supported by the simulation results
shown in Fig. 2(f). In Fig. 2(g), we identify a critical threshold
z* = (Dro — Dry) / (Dg1 — Dga — Dry + Dry) marked by
the orange vertical dashed line. When the cooperator frequency
x € (0,2*], the fitness difference is smallest for m; = 0.0; in
contrast, for z € (z*,1), the smallest fitness difference occurs
at m; = 1.0. Furthermore, the numerical and simulation results
depicted in Figs. 2(h) and 2(i) reveal that over a sufficiently
long evolutionary period, the scenario with m; = 7] achieves
the highest number of cooperators or reaches full cooperation
the fastest compared to the other cases, where 7] corresponds
to the value of 7; that minimizes the fitness difference in
Fig. 2(g). Collectively, these results exhibit strong consistency
between theoretical predictions and both numerical and simu-
lation findings.
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Fig. 1.

Numerical and simulation results for maximizing the gradient of cooperation selection. The first column illustrates the numerical results of

the gradient of cooperation selection as a function of the fraction of cooperators under different stationary game distributions. The second and third columns
display the corresponding numerical and Monte Carlo simulation results, respectively, for the evolutionary trajectories of the cooperator frequency over time.
Each row corresponds to a different theoretical case for maximizing the gradient of cooperation selection, as stated in items 2)(i)-(iii) of Thm. 3 in the main

manuscript. The vertical orange dashed line in panel (g) denotes the critical point z* at which G1(z*) = 0 shown in Eq. (33).
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Fig. 2. Numerical and simulation results for minimizing the fitness difference between defectors and cooperators. The first column represents the
numerical results of the fitness difference between defectors and cooperators as a function of the proportion of cooperators under different stationary game
distributions. The second and third columns display the numerical and simulation results, respectively, for the evolutionary trajectories of the cooperator
frequency over time under these distributions. Each row corresponds to a different theoretical case for minimizing the fitness difference between defectors
and cooperators, as described in items 2)(i)-(iii) of Thm. 4 in the main manuscript. The vertical orange dashed line in panel (g) indicates the critical point x*
that makes G2(x*) = 0 presented in Eq. (37).




