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The evolution of cooperation is a central enigma in evolutionary game the-
ory. Traditionally, the combination of pairwise networks and repeated public 
goods games (PGGs) with a single state fails to adequately describe realis-
tic group interaction scenarios. On the one hand, pairwise networks lack 
clear group definitions. On the other hand, a participant’s decision affects 
not only competitors’ fitness but also the state of the surrounding environ-
ment. To address this problem, we propose a PGG with game transition 
mechanisms based on uniform random hypergraphs (URH). In our model, 
game groups formed by hyperedges transition between two types of games, 
one with abundant public resources and the other with scarce public re-
sources. The transition probability is closely related to the strategies of play-
ers within the hyperedges. By developing a Monte Carlo simulation frame-
work that incorporates payoff accumulation, strategy imitation and game 
state transitions, we aim to reveal the co-evolutionary patterns of strategies 
and game states in group interactions. Our study highlights a nonlinear re-
lationship between defection sensitivity and cooperation frequency under 
game transitions, as well as the asymmetric effects of the two sensitivities 
in state-dependent transitions. These observations open new directions for 
approaching social dilemmas. 

1. Introduction 
Cooperative behaviours are prevalent in both natural and social systems and 
have attracted extensive scholarly attention [1,2]. From teamwork and resource 
sharing in human societies to the collaborative scheduling of distributed en-
ergy nodes in smart grids, cooperative interactions among individuals play 
an indispensable role. However, when individuals face the dilemma between 
‘personal gain’ and ‘collective benefit’, rational choices often favour defection. 
This makes the emergence and maintenance of group cooperation in social 
dilemmas a pressing scientific challenge [3,4]. Evolutionary game theory pro-
vides a robust theoretical foundation and an effective framework for studying 
this phenomenon. Within this framework, game models, such as the prisoner’s 
dilemma [5–7], donation game [8], snowdrift game [9,10] and public goods 
game (PGG) [11,12], have been extensively studied. 

As a classic multiplayer game model, the PGG reveals the fundamen-
tal logic of social dilemmas: rational defection by participants leads to the 
tragedy of the commons [13], while mutual cooperation among individuals 
yields higher collective benefits [14,15]. To investigate the factors influencing 
cooperative behaviours in PGG, researchers have thoroughly explored vari-
ous mechanisms, such as rewards [16], punishments [17], heterogeneity [18,19], 
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2 reputation [20], memory [21–23] and strategy persistence [24]. Many of these investigations into mechanisms are conducted under 
the spatial structure characterized by pairwise networks, because depicting real-world group interactions requires not only well-
defined interaction rules but also a clear spatial structure as the underlying carrier. Some studies have systematically summarized 
the differences in cooperative dynamics of PGG across classical pairwise networks (including regular lattices, heterogeneous scale-
free networks and small-world networks) [25]. Nevertheless, a fundamental limitation of pairwise networks as the carrier for group 
interactions is their failure to provide a rigorous and unambiguous definition of groups [26]. In supplementary material, fig. S1, 
specific examples are used to illustrate that ambiguous group definitions directly lead to a series of issues in game interactions. 

Furthermore, the environments of group games in the real world are not static. Consequently, in recent years, the academic 
community has grown increasingly interested in the co-evolutionary dynamics of strategies and environments [27–29]. When 
individual strategies not only influence immediate payoffs but also reshape subsequent game types through resource allocation 
or group dynamics, the so-called ‘game transitions’ occur [30]. Addressing this phenomenon, Su et al. [31] found that dynamic 
switching between game states of varying dilemma strength can lower the critical threshold for the evolution of cooperation, while 
Feng et al. [32] demonstrated that Markov-based game-state transitions can reinforce cooperation through psychological effects. 
However, existing studies on multiplayer game transition models under spatial structures are all built on traditional pairwise 
networks. The ambiguous group definitions of pairwise networks may result in individuals without direct connections being 
placed in the same group in multiplayer game scenarios, thereby exerting unrealistic effects on each other’s payoffs. 

In recent years, higher-order interaction models, particularly hypergraphs and simplicial complexes, have offered new insights 
for addressing these challenges [33–36]. Hypergraphs directly connect multiple nodes through hyperedges, naturally embodying 
the group characteristic of all individuals within a group being interconnected, and can provide clear group definitions. They 
have been applied to scenarios, such as PGG and collective intelligent interactions. Alvarez-Rodriguez et al. [26] systematically 
proposed algorithms for constructing uniform random hypergraphs (URH) and heterogeneous hypergraphs, with results indicat-
ing that higher-order interactions can significantly enhance cooperation stability. Building on this foundation, some studies [37,38] 
found that heterogeneous investments effectively promote cooperation across hypergraphs of different orders. Civilini et al. [39] 
explored the differences in collective behaviour dynamics between traditional graphs and hypergraphs, revealing that compared 
with pairwise interactions, higher-order interactions not only foster cooperation in competitive environments but also trigger ex-
plosive cooperative behaviours. Battiston et al. [40] further emphasized that higher-order structures capture group-level dynamics 
invisible in pairwise models, shedding light on mechanisms of cooperation and collective behaviour in human systems. In addi-
tion, Shi et al. [41] applied hypergraphs to multi-agent Q-learning dynamics, establishing a theoretical framework based on URH. 
Zou & Huang [42] also examined the effect of punishment on cooperative dynamics in hypergraphs. These studies demonstrate 
that hypergraphs provide a more suitable spatial structure for investigating the emergence of cooperation under group interac-
tions, and their clear group definitions ensure that each group is equivalent to a complete subgraph—perfectly addressing the 
aforementioned shortcomings of pairwise networks in supporting multiplayer games and game transitions. 

By building on these observations, we here propose a PGG model with transition mechanisms based on URH. In particular, 
we use hyperedges as fundamental game units, with each hyperedge corresponding to a PGG group. In response to varying 
environmental conditions, the model distinguishes between high-value and low-value game states based on differences in synergy 
factors. Specifically, high-value games correspond to a higher synergy factor than low-value games, which in turn naturally results 
in a lower degree of social dilemma for the former. The transition probabilities of hyperedges are determined by the proportion 
of cooperators within the group, with sensitivity coefficients regulating the responsiveness of different states to defection. This 
design preserves the advantages of hypergraphs in modelling higher-order interactions while enabling dynamic feedback from 
collective environments to individual behaviours. Through systematic Monte Carlo simulations, we reveal cooperation dynamics 
and formation mechanisms in group settings, offering new insights into understanding and sustaining cooperation in real-world 
social dilemmas. 

The paper is organized as follows: §2 details the interaction system and specific rules for payoff accumulation, strategy learning 
and game transitions. Section 3 presents the effects of different parameters on system cooperation dynamics, accompanied by 
analysis. Finally, §4 summarizes the cooperation dynamics observed in the model and outlines future research directions. 

2. Model 
High-order interactions are prevalent in real-world group settings, and individual behaviours shape not only their own and their 
partners’ outcomes but also the group environment. For example, overgrazing brings short-term gains to individuals but depletes 
public resources, undermining long-term benefits. To model how individual actions affect payoffs and the environment, we de-
velop a group-interaction system based on URH. Here, agents engage in repeated PGG via hyperedges, updating their strategies 
while their choices influence the game states of the hyperedges they belong to. This section outlines the model’s core set-up: URH 
construction, strategy update rules and game transition mechanisms. 

2.1. Interaction network 
In the framework of hypergraphs, a hypergraph is denoted as H(N, L), where N = {n1, n2, … , n

N

} represents a set of n nodes, 
each node corresponds to an agent, and L = {l1, … , lm} represents a set of m hyperedges, each hyperedge corresponds to a group 
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where PGG take place. Each hyperedge can contain two or more agents, and an agent may belong to multiple different hyperedges 
simultaneously. Thus, the hyperdegree ki is used to characterize the number of hyperedges to which agent i belongs. 

Our model focuses on the overall dynamics exhibited by the system through agent interactions. We assume that each agent 
has equal status and is indistinguishable from one another, i.e. our interaction system is homogeneous and uniform. Therefore, 
we use URH [26] for characterizing the interaction relationships among agents in the system. 

For a URH with N nodes, each node is assigned to a hyperedge with equal probability, and each hyperedge contains exactly g 
nodes. Such a uniform hypergraph is termed a g-order uniform hypergraph, and there exists a critical threshold for the number 
of hyperlinks Lc = (N∕g) ln N [26] to ensure that the hypergraph is fully connected. 

2.2. Strategy update 
Based on the agent interaction system characterized by URH, we allow agents to participate in PGG with hyperedges as groups. 
Let si denote the strategy adopted by agent i, which can take two values: 0 represents defection (D), and 1 represents cooperation 
(C). Here, we take the payoff calculation of agent i as an example to demonstrate the specific payoff calculation process and the 
strategy update rules. 

A random agent i and one of its hyperedges l are selected, and all agents in l participate in PGG across all their respective 
hyperedges and accumulate their payoffs. First, we define the payoff of node i in hyperedge l as 𝜋i,l, which is calculated as 

𝜋i,l = rl ⋅ 
 

u∈l 

c ⋅ s u − c ⋅ si, (2.1)

where the cooperation cost c is fixed at 1, and 
∑ 

u∈l c ⋅ su is the total contribution of cooperators in l. Here, rl = Rl∕g is the normalized 
synergy factor, where Rl is the raw synergy factor and g is the size of hyperedge l. The total contribution is multiplied by rl, and 
agent i pays the cooperation cost c according to its current strategy. 

We define the final payoff of agent i as 

𝜋i = 
1 
ki 

 

l∈𝛺i 

𝜋i,l , (2.2) 

where 𝛺i denotes the set of all hyperedges containing agent i. Agent i is required to participate in games and accumulate payoffs 
across these hyperedges; ki represents the hyperdegree of agent i, i.e. the number of hyperedges to which it belongs, and is used 
to average the total payoff. 

By analogy, after all agents in l have accumulated their payoffs, the highest earner j in hyperedge l is identified, and agent i 
imitates the strategy of j with probability Wsi→sj 

defined as 

W si→sj 
= 

1 
𝛥 

 
𝜋 j − 𝜋i 

 
. (2.3) 

This linear imitation mechanism is a commonly used strong selection rule in higher-order interaction game studies [26,37]. In the 
formula, 𝜋j − 𝜋i represents the payoff difference between the two agents. Since j is the agent with the highest payoff in hyperedge 
l, this payoff difference is non-negative; 𝛥 represents the absolute value of the maximum possible payoff difference in the current 
system, which is used to ensure the normalization of the imitation probability. We use superscripts for differentiation: 𝜋+ 

D denotes 
the maximum possible payoff for defectors, and 𝜋− 

D refers to the minimum possible payoff. The notation for cooperators adheres 
to the same convention. Thus, the maximum and minimum payoffs for different strategies are calculated as 

⎧ 
⎪

⎪ 
⎨ 
⎪ 
⎪

⎩ 

𝜋+ 
D = r1(g − 1), 

𝜋− 
D = 0, 

𝜋+ 
C 
= r1g − 1, 

𝜋− 
C 
= r2 − 1, 

(2.4) 

where r1 and r2 represent two values of the normalized synergy factor, and their specific meanings are elaborated in §2.3. From 
this, 𝛥 has four possible value combinations. Given r2 ≤ r1, the calculation formula of 𝛥 under different value ranges of r1 and r2 

is derived by comparison 

𝛥 = 

⎧ 
⎪ 
⎨ 
⎪

⎩ 

r1(g − 1) − (r2 − 1), 0 < r2 < r1 < 1, 
r1g − r2, 0 < r2 ≤ 1 ≤ r1, 
r1g − 1, 1 < r2 < r1. 

(2.5) 

To facilitate understanding of the strategy imitation process, we present a partial network schematic in figure 1. Agents are 
represented as nodes, with their strategies distinguished by different colours. The strategy imitation process is probabilistic. In 
the strategy imitation stage, we take defector agent i as an example, demonstrating a typical scenario where it successfully learns 
the strategy of agent j, the highest earner in the hyperedge, and ultimately switches to cooperation. 
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Figure 1. Strategy update and game transition process. Nodes represent agents. Blue nodes are cooperators and red nodes are defectors. Hyperedge colours 
correspond to game states. Green hyperedges indicate high-value game g1 with r1 and blue hyperedges indicate low-value game g2 with r2, and r1 > r2. The dynamics 
contains two steps. (a) Strategy imitation: an agent i is selected randomly and one of its hyperedges l (solid border) is chosen randomly. Agents in l accumulate payoffs 
based on the current game state. Agent i then imitates the strategy of the highest earning agent j in l with probability Wsi →s j . (b) Game transition: following the 
strategy update step for player i, regardless of whether its strategy is changed or not, all hyperedges containing i (dashed borders) undergo transitions. These transitions 
rely on their cooperator fractions and follow the rules at the bottom right. Cooperation promotes transitions to g1 while defection leads to g2. These two transitions alter 
payoff structures and produce distinct cooperation dynamics compared to single PGG. 

2.3. Game transition 
The core idea of game transitions is that players’ strategies not only affect current payoffs but also influence subsequent game types. 
A classic and realistic assumption is that cooperative behaviours improve the game environment, while defection deteriorates 
it. Therefore, cooperative behaviours increase the probability of transitioning to the high-value game system, while defection 
increases the probability of transitioning to the low-value system. 

To avoid conceptual confusion, it is necessary to clarify the distinction between our game transition mechanism and reputation 
mechanism (e.g. the LR2 reputation mechanism [43]). Reputation focuses on interactions and evaluations among individuals, 
whereas the game transition mechanism centres on the reciprocal influence between individual strategies and the environment. 
These two mechanisms target different objects of interaction but are not mutually conflicting. 

Our research focus is not on designing or calculating transition probabilities between multiple game states. Instead, we prior
itize the cooperative dynamics exhibited by the co-evolution of strategies and the environment in higher-order spatial structures, 
thereby adopting a two-state game transition framework. Given the structural characteristics of hypergraphs, we assume that 
each hyperedge 

-

l has a unique synergy factor that takes only two possible values: r1 or r2 (with r2 ≤ r1). Specifically, r1 corresponds 
to a state of abundant environmental resources, where a relatively mild social dilemma exists, and players can obtain significant 
payoffs through cooperation, thus corresponding to high-value games. In contrast, r2 corresponds to a state of scarce environmen
tal resources, where the efficiency of public resource enhancement is low. Even if individuals choose to cooperate, they struggle 
to overcome the payoff bottleneck owing to the more severe social dilemma, making such games low-value ones. To intuitively 
reflect the resource advantage of the high-value game relative to the low-value game and simplify subsequent descriptions, we 
define 𝛿 = r1 − r2. 

-

Based on this, all interaction groups in the system are divided into two subsystems: the high-value game subsystem g1 and 
the low-value game subsystem g2. Under the transition mechanism, there are corresponding state transition probabilities between 
these two subsystems. 

Taking hyperedge l as an example, equations (2.6) and (2.7) show the probabilities of transitioning into the high-value game 
when hyperedge l is in different game states, while Pg2←g1 

= 1 − Pg1←g1 
and Pg2←g2 

= 1 − Pg1←g2 
represent the probabilities of 
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transitioning into the low-value game, including 

P g1←g1 
= 


∑ 

u∈l s u 

g 

𝛼1 

(2.6) 

and 

P g1←g2 
= 


∑ 

u∈l s u 

g 

𝛼2 

. (2.7) 

Here, 
∑ 
u∈l su 

g 
denotes the proportion of cooperators within hyperedge l, with the basic transition probability directly determined 

by this proportion. This setting conforms to the classical framework of coevolution between the game environment and agents’ 
strategies during game transitions [30,31], in which cooperation enhances the game environment while defection degrades it. 
Building on this proportion of cooperators, we incorporate exponential sensitivity coefficients 𝛼1 and 𝛼2 to adjust the basic proba
bility. This design is widely utilized in co-evolutionary mechanism research [

-
24,37] as exponential sensitivity avoids the uniform 

environmental response to strategy changes inherent in linear functions, enabling the characterization of varied environmental 
sensitivity to defection. Specifically, 𝛼1 and 𝛼2 regulate the sensitivity of hyperedges to defection across different subsystems and 
define the nature of game transitions. In the context of subsystem transitions, a transition is state-independent if its probability 
depends exclusively on the target subsystem’s characteristics rather than the current subsystem. Conversely, it is state-dependent 
if the probability of transitioning to the same target subsystem differs based on the current subsystem. 

First, we consider the case where 𝛼1 = 𝛼2. In this case, the state transition has no memory effect. The transition probability is 
independent of the current and past states of the hyperedge, i.e. the game transition is state-independent. To simplify, we denote 
𝛼1 = 𝛼2 = 𝛼. When 𝛼 = 0, the entire system degenerates back to a single PGG of pure g1, and the game type of the hyperedge does 
not respond to the players’ defection behaviours. Suppose that the value of 𝛼 gradually increases. In that case, the environment in 
the system becomes more sensitive to the defection of agents, and a hyperedge can only transition to the high-value game system 
with a high probability when the number of defectors in it is very small. 

Next, we consider the case where 𝛼1 ≠ 𝛼2. In this case, the game transition is state-dependent. Such transitions satisfy the 
Markov property, the transition probability at the next step depends only on the current state, and is independent of the past 
states of the hyperedge [30]. When 𝛼1 < 𝛼2, the hyperedges in g1 are less sensitive to defection than those in g2. If two hyperedges 
have the same number of cooperators, the hyperedge in the g1 state is more likely to remain in g1 in the future, while the hyperedge 
in the g2 state is more difficult to transition into g1, vice versa when 𝛼1 > 𝛼2. 

In figure 1, we continue to focus on agent i and explain the effect of its strategy change on the hyperedges to which it belongs. 
Note that only one possible transition outcome is shown in the figure, so the state dependence of transition probabilities is not re
flected. Specifically, the transition results of the three hyperedges marked by dashed lines in the figure are as follows: the hyperedge 
composed entirely of cooperators will remain in the high-value game state with a probability of 1. Among the other two hyper-
edges, one stays in the low-value game state represented by blue, and the other successfully transitions to the high-value game 
state and turns green. 

-

3. Simulation and analysis 
This section investigates the cooperation dynamics of PGG with transition mechanisms on URH through Monte Carlo simulations. 
We analyse the system by extending game transitions from state-independent to state-dependent scenarios and by employing 
asynchronous random sequential updating. 

The system is uniformly initialized with equal proportions. Agents are randomly assigned to either cooperation or defection, 
each accounting for 50%. Similarly, hyperedges are randomly initialized to either high-value (g1) or low-value (g2) game states, 
each accounting for 50%. To ensure the reliability of the results, we verify the robustness of the data across different initialization 
ratios of cooperators and hyperedge states; detailed analyses are provided in supplementary material, §S2. 

One Monte Carlo step consists of N elementary steps. In each elementary step, a target node and one of its affiliated hyperedges 
are selected. Subsequently, payoffs for all players in the target hyperedge are accumulated, the target node’s strategy is updated 
and game transitions are performed for all hyperedges containing the target node. To ensure stable results, we construct a URH 
with N = 1000 and L = Lc, set the iteration steps to T = 104 and use data from the last 4000 steps for averaging under different 
parameter combinations. To ensure the stability of the numerical results, we calculated the average of the critical value data points 
using data from at least 30 independent simulations. 

3.1. State-independent transitions 
Unlike traditional single-game scenarios, the transition mechanism enables hyperedges to switch between high-value (g1) and 
low-value (g2) game states. A natural question is whether the overall dynamics exhibited by the system represents a simple su
perposition of the cooperative dynamics of these two individual game states. 

-
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Figure 2. Cooperation frequency fC as a function of r2 under different sensitivity levels. The x-axis represents the low-value synergy factor r2, with curves 
for different hypergraph orders: yellow circles (g = 5), green squares (g = 4), blue diamonds (g = 3) and purple triangles (g = 2). Panels (a)–(e) set 𝛿 = 0.05 
with 𝛼 = 0, 0.5, 1, 2, 5, respectively. Panel (f) shows the single low-value game without game transitions (𝛿 = 0). From panels (a)–(e), as the system’s sensitivity 
to defection increases, this transition mechanism raises the cooperation threshold while amplifying fC growth to boost cooperation for high r2. This compresses the r2 
interval required for fC to rise from 0 to 1, leading to a steeper curve trend. 

To verify this conjecture, we first set 𝛿 = r1 − r2 = 0.05 to ensure a moderate difference between the two game states. We then 
examine how the cooperation frequency fC varies with the low-value synergy factor r2 under different sensitivity levels 𝛼; the 
results are shown in figure 2. 

Figure 2 first illustrates how the cooperation frequency associated with the sensitivity coefficient 𝛼 behaves across the pairwise 
and higher-order interactions characterized by the URH, under the state-independent condition 𝛼1 = 𝛼2 = 𝛼. We define the critical 
value r2c as the minimum r2 required to sustain cooperation. Overall, as the interaction order g increases, the critical r2c for higher-
order interactions (g > 2) to maintain cooperation is significantly lower than that for pairwise interactions (g = 2). This result aligns 
with findings reported in [26] and [39]. 

The sensitivity coefficient 𝛼 quantifies a hyperedge’s sensitivity to defection, and its regulatory effect on cooperation shows a 
nonlinear trend with the increase of r2. Specifically, for the cooperation extinction threshold r2c, a higher 𝛼 elevates the r2c threshold 
more markedly, indicating that increased defection sensitivity suppresses cooperation under strong social dilemmas in g2. 

In contrast, as r2 increases, that is, as the social dilemma intensity in the low-value game g2 weakens, the cooperation-promoting 
effect of the transition mechanism gradually emerges. A higher sensitivity coefficient 𝛼 significantly boosts the cooperation 
frequency, and this promoting effect is more pronounced in higher-order interactions. 

This is because pairwise interactions involve small groups and have low tolerance for defection. Even if the social dilemma is 
alleviated, a group can switch to the high-value game only when both individuals cooperate. In contrast, higher-order interac-
tions tolerate defection better. For example, when a group has only one defector, a five-player group (g = 5) has a much higher 
probability of switching to the high-value game than a pairwise group. To verify the universality of the URH, we additionally 
conduct comparative simulations on the Erdős–Rényi random network to characterize pure pairwise interaction scenarios. The re-
sults (supplementary material, fig. S2) demonstrate that the URH can not only accommodate the characterization of higher-order 
interactions through flexible adjustment of the interaction order g but also accurately describe pairwise interactions when g = 2. 
In addition, to validate the robustness of our conclusions, we conduct supplementary simulations on randomly connected mixed-
order hypergraphs (supplementary material, §S3). Results confirm that our core findings remain consistent under mixed-order 
structures: cooperation is still significantly promoted as the average interaction order increases. 

These further support the core conclusion on the URH. Higher-order interactions promote cooperation more effectively than 
pairwise interactions. Under the transition mechanism, the nonlinear influence of the defection sensitivity coefficient 𝛼 on fC is 
more significant in higher-order interactions. 

With the variation of r2, we find that the law of how this nonlinear effect is regulated by the intensity of the social dilemma 
in low-value games (g2) is as follows: in scenarios with a strong social dilemma (small r2), cooperative strategies are hard to 
sustain owing to the conflict between individual rationality and collective interests. Increasing defection sensitivity further tight-
ens the criteria for game state transitions, making the already fragile cooperative system less resistant to defection and raising 
the threshold r2c for sustaining cooperation. In contrast, in scenarios with a weak social dilemma (large r2), cooperation already 
forms a preliminary group foundation. Increasing defection sensitivity at this stage incentivizes cooperative behaviour, because 
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cooperator clusters are more likely to switch to the high-value game g1 and gain higher payoffs, thereby attracting more individ-
uals to cooperate and leading to a sustained rise in the cooperation frequency fC. 

Figure 3. Heatmaps of cooperation frequency fC as functions of 𝛿 and 𝛼 for representative r2 values. The first row corresponds to g = 3 with r2 = 
0.775, 0.825, 0.875. The second row corresponds to g = 4 with r2 = 0.72, 0.77, 0.82. Heatmaps are mildly smoothed with a Gaussian filter (𝜎 = 1) to suppress 
numerical fluctuations, and bilinear interpolation is used for visualization. At the boundaries between pure cooperation and pure defection for different hypergraph 
orders, three consistent phenomena are observed as the sensitivity 𝛼 increases: cooperation is inhibited, the cooperation level remains stable and cooperation is 
promoted. 

To further explore the nonlinear effect of defection sensitivity 𝛼 on fC under higher-order interactions, we select three repre-
sentative values of r2 for each system with g = 3 and g = 4, corresponding to three levels of social dilemma intensity in single 
low-value games g2: unsustainable cooperation, barely sustainable cooperation and stably sustainable cooperation. Heatmaps are 
used to visualize the joint effects of defection sensitivity 𝛼 and the relative resource advantage of high-value games 𝛿 = r1 − r2 on 
fC; the results are shown in figure 3. 

In the strong social dilemma scenario shown in figure 3a,d, the phase diagrams exhibit distinct pure-defection regions. This 
indicates that the system’s cooperation frequency fC depends entirely on the high-value game g1, and can only be sustained when 
the resource advantage 𝛿 = r1 − r2 is sufficiently large. As the defection sensitivity coefficient 𝛼, which quantifies how responsive 
hyperedges are to defection, increases, the boundary between the pure-defection and mixed cooperation-defection regions shifts 
rightward, making it harder for cooperation to persist when g1 has only a small resource advantage (small 𝛿). 

In the moderate social dilemma scenario shown in figure 3b,e, no pure defection regions are observed; this is because the 
low-value game g2 alone can barely sustain cooperation when there is no resource advantage (𝛿 = 0). A moderate increase in the 
defection sensitivity coefficient 𝛼 shifts the pure-cooperation regions to the left, expanding the range of 𝛿 values that support full 
cooperation. 

In the weak social dilemma scenario shown in figure 3c,f, this pattern is further validated, and an appropriate increase in the 
defection sensitivity coefficient 𝛼 directly boosts the system’s overall cooperation frequency fC. 

Overall, when the intensities of the social dilemma in both game states are adjusted simultaneously, the nonlinear influence of 
the defection sensitivity coefficient 𝛼 on the cooperation frequency fC can be categorized into three types of cooperative dynamics. 
As 𝛼 increases, fC exhibits full extinction (dropping to 0), stable maintenance (remaining nearly unchanged) or positive feedback 
growth (rising continuously). 

The specific cooperative dynamics depend on the ability of g2 to sustain cooperation independently and the resource advantage 
𝛿 of g1. When the low-value game g2 corresponds to a strong social dilemma, it cannot sustain cooperation on its own. A high 
defection sensitivity 𝛼 suppresses cooperation unless the high-value game g1 provides a large resource advantage 𝛿. When g2 

corresponds to a weak social dilemma, it can sustain cooperation independently. As 𝛼 increases, the region of full cooperation 
expands, even if the resource advantage 𝛿 of g1 is small. 
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Figure 4. fg1 and 𝜋 dependence of 𝛼 for three representative r2 values. We fix g = 3 for all panels while the different values of 𝛿 are indicated in the legend. 
Left, middle and right columns show low, intermediate and high r2 values, which are 0.775, 0.825 and 0.875, respectively. In each column, panels exhibit cooperative 
positive feedback when 𝛿 is large. For small 𝛿, in the first column, g2 cannot sustain cooperation independently, causing fg1 and 𝜋 to decline to 0. In other panels, fg1 
decreases but remains non-zero, while 𝜋 stays stable. 

To investigate the cause of this nonlinearity, we define Lg1 
as the number of g1 hyperedges, where fg1 

= Lg1 
∕Lc represents the 

proportion of g1 in the system. This proportion is crucial for cooperation maintenance and positive feedback. For g = 3, we select 
the same three r2 values as in figure 3 to represent three levels of social dilemmas with different intensities in the low-value game. 
Across these three levels of social dilemma intensity, we separately explore how the relative resource advantage 𝛿 of the high-value 
game g1 affects variations in fg1 

and the average payoff 𝜋, with the results shown in figure 4. 
Figure 4 shows that positive feedback emerges across all r2 scenarios, with the fraction of high-value games fg1 

initially decreas-
ing and then recovering. This occurs because a larger 𝛼 enhances the cooperation purity of hyperedges in g1. While fg1 

declines, the 
cooperation quality of hyperedges in g1 increases. Cooperative clusters face a lower risk of exploitation by defectors and possess 
an intrinsic resource advantage, thereby gaining an increasingly strong payoff advantage. This drives a continuous rise in global 
cooperation, which further leads to the rebound of fg1 

. 
The corresponding average payoff curve maintains an upward trend; this confirms that g1 can sustain a payoff advantage for 

cooperators. Concurrently, the system’s social welfare is reflected in the average payoff of agents [44]. This upward payoff trend 
demonstrates that the promotion of cooperation is accompanied by a synchronous increase in social welfare. Notably, figure 4a 
reveals that even when the low-value game g2 is in a strong social dilemma, the system can still trigger positive feedback if the 
resource advantage 𝛿 of the high-value game g1 is significant enough to provide an adequate payoff advantage for cooperation. 

Conversely, when 𝛿 is small, the high-value game cannot sustain a payoff advantage for cooperation. The average payoff does 
not increase with the rise of defection sensitivity 𝛼, and the proportion of high-value games fg1 

decreases monotonically. At this 
point, the cooperative support capacity of the low-value game determines whether the system’s cooperation persist or goes extinct. 
In figure 4a, when the low-value game g2 cannot sustain cooperation on its own, the system evolves entirely into the low-value 
game as 𝛼 increases, ultimately leading to the collapse of cooperation. Correspondingly, figure 4d demonstrates that social welfare 
decays to zero as cooperation collapses. In contrast, figure 4b,c shows that when the social dilemma of the low-value game g2 is 
alleviated and it possesses cooperative support capacity, naturally formed cooperator clusters can stabilize g1 at a non-zero level. 
At this point, social welfare also maintains a relatively stable trend. 

This further explains how the two game states give rise to the three cooperative dynamics shown in figure 3. Cooperation 
can form positive feedback only when the high-value game g1 provides a significant resource and payoff advantage. If g1 fails 
to maintain such an advantage for cooperative behaviour, then the independent ability of the low-value game g2 to sustain co-
operation determines whether the system reaches stable cooperation or collapses into full defection. Furthermore, the numerical 
results demonstrate a notable positive correlation between cooperative behaviour and social welfare under the game transition 
mechanism. The promotion of cooperative actions enhances social welfare, while their inhibition leads to reduced social welfare. 

3.2. State-dependent transitions 
Finally, we consider state-dependent transition probabilities, where hyperedges in different game states exhibit varying sensitiv-
ities to defection by agents within the edges. 
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Figure 5. Heatmaps of metrics under different 𝛿 values. Left to right in each row, panels show cooperation frequency fC , g1 proportion fg1 , defector-containing 
hyperedges fg1 

D and average payoff 𝜋, respectively. Heatmaps are mildly smoothed with a Gaussian filter (𝜎 = 1) to reduce numerical noise, and bilinear interpolation is 
used for visualization clarity. The first row corresponds to the changes in various indicators when cooperation forms positive feedback, while the second row depicts the 
scenario where cooperation goes extinct as sensitivity increases. Results in the first column directly demonstrate the asymmetric variation of fC with 𝛼1 and 𝛼2 under 
the state-dependent game transition scenario, and analyses of other indicators also exhibit a similar asymmetric phenomenon. 

From previous analyses, when g2 cannot sustain cooperation independently, the g1 subsystem becomes critical for maintaining 
cooperation and even fostering positive feedback in the entire system under the transition mechanism. We characterize the im-
portance of g1 to system-wide cooperation using two metrics. The first is fg1 

, the proportion of g1 hyperedges in the entire system 
as previously defined. The second is f g1 

D, the fraction of hyperedges in g1 that contain defectors (D). It is defined as 

LD 

f D 
g1 
=

g
 1 , 
L g1 

(3.1) 

where Lg1 

D counts hyperedges with defectors in g1, a lower f g1 

D indicates higher levels of cooperative clustering and better hyperedge 
quality within g1. 

To investigate how asymmetric sensitivities affect agents’ cooperative behaviours in the system, we use hypergraphs with 
g = 3, fix the synergy factor of low-value games at r2 = 0.8 and set 𝛿 = 0.06 and 𝛿 = 0.09. In figure 5, we illustrate the variations of 
various indicators with the two sensitivity factors under both cooperative positive feedback and cooperation collapse scenarios. 

When 𝛿 = 0.09, figure 5d shows that players’ average payoff undergoes a significant increase with the rise of the two sensitivi-
ties. That is, cooperative behaviour can result in a payoff advantage, and a cooperation-supporting feedback is formed. Figure 5a 
shows an asymmetry in how 𝛼1 and 𝛼2 affect cooperation frequency: high-value regions in the heatmap are concentrated in the 
right-hand half. This feature is more pronounced in figure 5b,c. Notably, when 𝛼2 = 0, the scale of high-value games remains 
large, but the quality of hyperedges in g1 is low; this is because when 𝛼2 = 0, all hyperedges in g2 transition to high-value games 
with a probability of 1 in the next step, granting g1 an absolute advantage in scale while significantly reducing the quality of 
its hyperedges. When 𝛼2 ≠ 0, unfiltered transitions of hyperedges from g2 to g1—which would degrade hyperedge quality—are 
avoided. On this basis, a higher 𝛼1 ensures the prompt elimination of defectors in g1, thereby concentrating high-value regions in 
the right-hand half. 

When 𝛿 = 0.06, the asymmetric inhibitory effect of sensitivity differences on cooperation is also observed in figure 5e. From 
figure 5h, it can be seen that g1 fails to maintain cooperators’ payoff advantage at this point, with low-value regions concentrated in 
the right-hand half. Although increased sensitivity effectively reduces the proportion of hyperedges containing defectors in g1 and 
improves system quality, figure 5g shows that hyperedges containing defectors account for approximately 91% of all hyperedges 
in g1. Increased 𝛼1 results in extensive filtering of such hyperedges. In addition, g2 itself has a weak cooperative foundation, and 
increased 𝛼2 significantly hinders transitions into g1, leading to continuous shrinkage of g1’s scale. As shown in figure 5f, g2—which 
cannot sustain cooperation independently—dominates the system, leading to the collapse of cooperation; this further indicates 
that the imbalance between hyperedge quality and scale, caused by g1’s failure to maintain cooperators’ payoff advantages, is the 
key reason for cooperation failure in state-dependent transitions. 
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Analysis of the two core cooperative dynamics—positive feedback and cooperation collapse—reveals that the two sensitivity 
parameters control how easily hyperedges switch to the high-value game g1, directly shape key cooperative outcomes, and play 
distinct roles in regulating g1’s quality and scale: for quality control, 𝛼1 filters out low-quality hyperedges to maintain the coopera-
tive purity of original g1 hyperedges while 𝛼2 ensures hyperedges transitioning from g2 to g1 meet quality standards and prevents 
unregulated quality decline; for scale control, 𝛼1 limits the number of hyperedges leaving g1 by weeding out low-quality ones 
whereas 𝛼2 governs the number of hyperedges switching from g2 to g1. While higher defection sensitivity improves g1 hyperedge 
quality (fg1 

D), this alone cannot generate cooperative positive feedback—the scale of g1 (fg1 
) is equally critical, as positive feed-

back only forms when g1’s quality and scale improve in tandem; imbalances between these two indicators will cause continuous 
declines in fg1 

and eventually lead to cooperation collapse. 

4. Conclusion 
In this study, we propose and investigate a PGG model by using game transition mechanisms based on URH, aimed at addressing 
the limitation of traditional pairwise interaction systems in capturing complex dynamics between individual strategies and group 
environments, and revealing the coevolution of individual strategies and group game states in collective interactions. 

We examine the coevolution of strategy selection and game state transitions in PGG on URH. The analysis of state-independent 
transitions reveals three characteristic cooperation patterns that emerge as the sensitivity parameter 𝛼 increases: positive feedback, 
stable cooperation and collapse of cooperation. The evolutionary outcome depends on the respective cooperation levels of the two 
game states. Extending the model to state-dependent transitions demonstrates asymmetric effects of the sensitivity parameters. 
Furthermore, we explain that the collapse of cooperation stems from an imbalance between the quality and scale of the high-value 
game system, which is driven by the system’s failure to sustain the payoff advantage of cooperation. 

Future studies can address the limitations of the proposed model in three directions. First, developing a theoretical framework 
to analyse the evolutionary dynamics of higher-order and pairwise interactions is a valuable research direction. It will also help 
reveal the coevolution mechanisms between strategies and the environment from a theoretical perspective. Second, we can incor-
porate agents’ anticipatory behaviours toward game states; this allows individuals to predict the environmental consequences of 
their strategies and extend myopic decisions to forward-looking ones. The reinforcement learning framework introduced by Pi 
et al. [45] can provide methodological support for this extension. Third, environmental states in the real world often exhibit histor-
ical dependence. Future states may not be determined solely by the current state. Introducing memory effects in state transitions, 
as well as delayed or asynchronous switching, can more realistically characterize the coevolution between individual behaviours 
and the environment. 
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S1 Comparison between Pairwise Networks and URH

This section intuitively illustrates the distinct group definitions of higher-order networks and pairwise
networks in Fig. S1. Taking the network in Part I of Fig. S1 as an example, Parts II and III describe the
interaction groups of player a based on the group definition of higher-order networks and the traditional
pairwise network definition (where groups are constructed as a central player plus its neighbors),
respectively. The results clearly demonstrate that the group definition in higher-order networks is
rigorous and concise, whereas the ambiguous group definition in pairwise networks leads to two critical
issues: distorted interactions caused by including non-directly connected players in the same group,
and repeated games arising from group membership changes when the central player shifts. These
observations highlight the significant advantage of higher-order networks as a more suitable spatial
structure for modeling group interactions.
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Figure S1: Comparison of group definitions between higher-order networks and pairwise
networks. Part I shows a pairwise network. We then describe the groups containing agent a us-
ing different definitions: Part II illustrates the hypergraph group definition, where each hyperedge
corresponds to a complete pairwise subgraph of equal size, and presents the group structure of the
network in Part I under this definition—here, player a belongs only to groups l1 and l2. Part III takes
4-player groups as an example to demonstrate that the pairwise network’s indirect group definition
(central player plus neighbors) homogenizes seven distinct pairwise structures into a single group type.
Applying this definition to player a reveals membership in 4+1 groups: group la with a as the center,
and four additional groups centered at neighbors c, d, e, and f , respectively. The ambiguous group
definition leads to two key problems: 1. Group lc (centered at c) includes non-interacting players a
and b, improperly expanding the scope of strategy diffusion and causing their behaviors to mutually
influence each other’s payoffs in the context of game transitions; 2. Players a, f , and e are repeatedly
included in nominally distinct groups le and lf due to central player shifts, resulting in redundant
interactions.

While pairwise networks lack clear group definitions and are thus unsuitable for hosting higher-order
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interactions, they are naturally compatible with pairwise interactions. In the simulations shown in Fig
2 of the main text, we compared the cooperative dynamics of pairwise interactions (g = 2) and higher-
order interactions (g > 2) on URH. It is therefore necessary to verify whether pairwise interactions
characterized by URH differ significantly from those modeled by traditional pairwise networks.
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Figure S2: Comparison of cooperation dynamics between ER random graphs and URH.
Both networks are configured with |N | = 1000 and δ = 0.05. The average degree k̄ of the ER random
graph is set according to Eq. S1. The same legend symbols represent identical α values, with specific
settings detailed in the legend.

According to the URH construction algorithm, when the hypergraph order g = 2, the network
degenerates into a random network with a Poisson degree distribution. We thus select the classic
pairwise random network, the Erdős–Rényi (ER) random graph, for comparison. It should be noted
that while both networks follow a Poisson degree distribution, they are not strictly identical. To
eliminate potential confounding effects from slight differences in degree distributions on cooperative
dynamics, we set the same network size for both structures. The average degree k̄ of the ER random
graph is defined as:

k̄ =

⌊
Lc · g
N

⌋
, (S1)

where g denotes the order of URH, and Lc = (N/g) lnN represents the minimum number of hyperedges
required to maintain URH connectivity.

We set |N | = 1000 and δ = 0.05, and investigate whether the impact of different sensitivity
parameters on cooperation frequency exhibits consistency across the two networks as r2 increases.
The simulation results are presented in Fig. S2, which shows that as r2 grows, the effect of high
sensitivity on cooperation frequency transitions from inhibition to promotion in both networks. The
nearly identical cooperative dynamics confirm that URH can effectively model pairwise interactions
when g = 2.

S2 Robustness Check with Different Initial Conditions

The simulations presented in the main text, the strategies of agents, and the game states of hyperedges
were randomly initialized with a 50% probability for each type. Specifically, cooperators and defectors
each accounted for 50% of the population, and hyperedges in the two game states also each constituted
50% of the total. Considering that initial conditions may induce path dependence or bistability, we
verify the numerical stability of the research results by adopting different initialization ratios for the
initial strategies of nodes and the initial game states of hyperedges on the Uniform Random Hypergraph
(URH). Under different parameter configurations, we plotted the evolutionary time-series curves of
cooperation frequency fC . The results demonstrate that different initialization ratios only affect the
evolutionary trends of fC before convergence, but do not alter its final steady-state mean value. The
detailed simulation setup and analysis are provided below.

For clarity of exposition, we define the initial proportion of cooperators (C) as fT=0
C , and the

initial proportion of defectors (D) is accordingly fT=0
D = 1− fT=0

C . Similarly, the initial proportion of
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hyperedges in the high-value game state (g1) is denoted as fT=0
g1 , and the proportion of hyperedges in

the low-value game state (g2) is f
T=0
g2 = 1− fT=0

g1 .

As shown in Fig S3, each subplot contains four scatter curves corresponding to fT=0
C ranges from

0.2 to 0.8 in steps of 0.2, respectively. Columns 1 to 3 represent fT=0
g1 = 0.1, 0.5, and 0.9, respectively.

For the other model parameters, the relative resource advantage of the high-value game δ = 0.05
is fixed, and three combinations of α and r2 are adopted. The first row corresponds to α = 0 and
r2 = 0.82; the second row corresponds to α = 1 and r2 = 0.85; the third row corresponds to α = 5 and
r2 = 0.88.
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g1 = 0.5
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Figure S3: Evolutionary time-series of cooperation frequency under different initial con-
ditions. Each subplot depicts the evolutionary trajectory of fC over Monte Carlo steps. Four curves
are shown in each subplot, corresponding to initial cooperator proportions fT=0

C = 0.2 (dark blue), 0.4
(blue), 0.6 (green), and 0.8 (yellow), respectively. Subplots (a)–(c) use α = 0 and r2 = 0.82; subplots
(d)–(f) use α = 1 and r2 = 0.85; subplots (g)–(i) use α = 5 and r2 = 0.88. Columns correspond to
distinct initial proportions of high-value hyperedges. The first column corresponds to fT=0

g1 = 0.1, the

second column to fT=0
g1 = 0.5, and the third column to fT=0

g1 = 0.9. In all cases, δ = 0.05 is fixed.

All subplots in Fig S3 share a common characteristic: while different initial cooperator proportions
intuitively influence the evolutionary trajectory of fC prior to convergence, fC ultimately converges
to the same steady-state range. A horizontal comparison of the subplots within each row shows that
variations in the initialization ratio of hyperedge states have no significant impact on evolutionary
trends, nor do they alter the steady-state mean of fC . Vertically, the results confirm that for each
set of transition parameters, varying initial cooperator proportions do not hinder the convergence of
fC to the steady-state range specific to that parameter set. Collectively, these findings sufficiently
validate the robustness of the numerical results presented in the main text with respect to variations
in initialization ratios.
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S3 Robustness Check on Mixed-Order Hypergraphs

In the main text, simulations and analyses on URH show that higher-order interactions promote
cooperation more effectively than pairwise interactions. Moreover, the transition mechanism leads to
a stronger nonlinear response of cooperation frequency to environmental sensitivity under higher-order
interactions.

To verify the robustness of these conclusions, we constructed homogeneous mixed-order hypergraphs
with random connections. We performed simulations on mixed-order hypergraphs using the same
parameters as in Fig. 2(a) and (e) of the main text. Simulation results and conclusions are highly
consistent with those from URH analyses. This confirms the robustness of our core conclusions.

S3.1 Construction of mixed-order hypergraphs

In the hypergraph framework, a mixed-order URH is denoted as H ′(N,L), where N = {n1, n2, . . . , nn}
represents a set of N nodes. L = {l1, l2, . . . , lm} denotes a set of L hyperedges, each corresponding to
a group for Public Goods Games.

Unlike pure g-order uniform hypergraphs, mixed-order hypergraphs include hyperedges of multiple
different orders. We first define a set of hyperedge orders G. Each order g ∈ G is assigned a weight
wg, which determines the exact proportion of hyperedges of order g in the final network. The weights
satisfy

∑
g∈G wg = 1. We further define the average hyperedge order ḡ as the weighted average of all

hyperedge orders in G, to quantify the mean group size of interactions in the mixed-order hypergraph,
calculated as:

ḡ =
∑
g∈G

wg · g. (S2)

The total number of hyperedges LG is determined by the weighted average of critical thresholds
across all orders in G:

LW =
∑
g∈G

wg ·
N

g
lnN, (S3)

where N · lnN/g is the critical hyperedge number Lc for a pure g-order URH. The final LG is obtained
by rounding down LW and adding 1 to ensure sufficient hyperedges for network connectivity.

We assign the number of hyperedges for each order g according to the predefined weights wg. Each
hyperedge of order g is formed by randomly sampling g distinct nodes with no repeated nodes within a
single hyperedge, and each agent may belong to multiple hyperedges simultaneously. After generating
all hyperedges, we perform a final check to ensure the connectivity of the resulting hypergraph.

S3.2 Simulations on randomly connected mixed-order hypergraphs

To ensure comparability with the main text setup, we define the hyperedge order set G = {2, 3, 4, 5},
which is fully consistent with the order selection in the main text. We adopt four weight distributions
of hyperedge orders as listed in Table S1. For each distribution, we compute the corresponding average
order ḡ, which is further used to calculate the normalized synergy factor. We performed simulations
on hypergraphs generated from these four distributions using the same parameters as in Fig. 2(a) and
Fig. 2(e) of the main text, and the detailed results are displayed in Fig. S4.

Table S1: Hyperedge weight distributions and corresponding average order ḡ.

Distribution wg=2 wg=3 wg=4 wg=5 ḡ

1 0.70 0.15 0.05 0.10 2.55

2 0.35 0.40 0.15 0.10 3.00

3 0.20 0.25 0.30 0.25 3.6

4 0.05 0.15 0.40 0.40 4.15

Results confirm that higher average hyperedge orders still promote cooperation more effectively
than pairwise interactions. In Fig. S4, compared to Panel (a), Panel (b) introduces game transitions
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with strong environmental sensitivity α = 5. As r2 increases, the intensity of social dilemmas in low-
value games g2 diminishes, leading to a distinct nonlinear trend in fC where cooperation is suppressed
at low r2 but strongly promoted at high r2. This nonlinear trend becomes more prominent for hy-
pergraphs with higher average orders ḡ. This shows that environmental sensitivity still has a strong
nonlinear effect on fC in mixed-order structures. The effect grows stronger with increasing average
hyperedge order ḡ. These findings agree with those from pure g-order URH.
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Figure S4: Cooperation frequency fC as a function of r2 on mixed-order hypergraphs. The
x-axis represents the low-value synergy factor r2, with curves for four weight distributions of hyperedge
orders (Table S1) characterized by different average hyperedge orders ḡ. Panels (a) and (b) set δ = 0.05
with α = 0 and 5, respectively.
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